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Introduction

A few decades ago I learned about degree 3 spline functions and wrote programs that use them to pass
a curve through given points in a plane. I've been waiting for such curves to be implemented in
software like Inkscape and FreeCAD for a long time.

Freya Holmér

's excellent video on Youtube called: “The continuity of Splines. »

See: https://www.youtube.com/watch?v=jvPPXbo87ds

by Freya Holmér see: https://www.youtube.com/@Acegikmo

Unfortunately, the curve I would name "Math-spline", based on the spline functions that I describe
later and that I implemented in the following web page:
https://www.juggling.ch/gisin/bgweb/aprod2000 perso/spline curve math.html

is not described by Freya Homér nor used in the software I know.

Here are some characteristics of this “Math-spline” curve:

° continuous

° of continuously varying tangents along the curve

° of radii of curvature varying continuously along the curve, it is G *

° the influence of the points is practically on the 8 neighboring segments of the point
°is easy to calculate, quickly

° can easily be closed

° can have breakpoints, so where the tangent varies discontinuously.

° is invariant under rotation, symmetry and dilation

We will suppose to have a list of n = nbPts points V; =( X5 yi)in the plane, for i = 1.. nbPts

We want to pass a “natural” curve through these points. To do this, we will define the intervals

h;= distance between Vand V;,,= ||\7,-+1 —\71” and the times t;=t,_,+h;, with t,;=0and we will determine
two "spline functions" determined by the data: (#;;x;)and (¢;;y ), fori= 1. .nbPts.

We will see two ways of calculating these “spline functions”, how to make them periodic, how to
introduce breaks in the curve and that they are invariant under rotation, symmetry and dilation.
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Mathematics of "spline function" calculation

Reference : http://www.unige.ch/~hairer/polycop.html

" Handouts of the course "Numerical Analysis" (June 2005), Chapter II. Interpolation and
Approximation » pages 46 to 52. ( http://www.unige.ch/~hairer/poly/chap2.pdf')

This is the first way I learned, but there is another one that I prefer. It is described further on page 11
and is the one I use in the program.

Data :

(ti;y:), fori=1..nbPts

Spline passing through the points, cubic by piece, twice continuously differentiable:
S(ti):yi, fori =1.. nbPts

YierVYi_ Vi ™ Vi

hi:ti+1_ti 5,-: = ,fori=1..nbPts-1
tis1 ™ L hi
Fori=1.. nbPts - 1,t € [t;..t;,,
t=t) (-t
Si(t):yi-l-(t_ti).5i+()Tl.[(pi_(Si).(t_ti+1)+(pi+1_(Si).(t_ti”

Where p i is the slope of the spline ¢ =¢;.
So S'(ti):pb
So s 'i(ti):p,-and S 'i

ti+1):pi+1:S 'i+1(ti+1)-

Verifications:

s.(t.): .-s.(ti+1

1 19

:yi+1
si(ti+e):yi+e °51.+€ (h_zh’) -[pi-(—hl.) —5i°(—hi)+l..]°e]

s/(t;+€|=y+e - p, with c2negligible, so p ;is indeed the slope at t=1;.

hi (¢l
h

1

ti+1—e):yi+(hi—e)°5i+

S; .[(").€+pi+1.(hi_€)_(Si.(hi_e)]
S; (tl.+1 - e)zyi+1 —€* p;.1, with ¢’negligible, so p .., is indeed the slope at =1 ., .

Condition to be met for the second derivative to be continuous:

s’ '1—1(t1‘):L°{2 pi+pio~3 '51—1]211’1(15 ' 'i(ti)zg.[g’ 6, (pi+1+2pi)]

h,_, h;
It is necessary that :s'';_[t;]=s’ ")
2 2
So :E'Ppi"'Piq_3'&'—JZE'[B"51‘_(pi+1+2pi”
i1 h

Multiply by Tand rearrange the terms:

hi-p;_,+2- (hi—1+hi) “pi+h_*p,, =3 (hi—l '5i+hi'5i—1)
Condition to be fulfilled for i = 2.. nbPts - 1.

For “Natural Splines”, we have: s’ '1(t1)=S "t =0, s0
2p,;+p,=3-6,,0ralso: 2hy* p,+hy p,=3-h,6,and

Pp-1+2p,=3-6,_y, oralso :2h, p,_+h,-p,=3-h, -6, _, hjand h,are arbitrary nonzero.




18.1.2023 Math-spline, definition, study, construction and links page 4

System of equations to solve to obtain the value of p; i=1..n
n =number of points = nbPts

Z'ho ho 0 0 0 O O pl ql
h, 2-h,+2-h, h, 0 0 0 0 D q,
0 h3 2'h3+2'h2 h2 0 0 0 p3 q3
0 0 h, 2-h,+2-h, h, 0 0 [°| ps |&| qq
0 0 0 h 2-h,+2-h, h, 0 Ds qs
0 0 0 0 hn—l 2.hn—l-l-zohn—Z hn—2 pn—l qn—l
0 0 0 0 0 h, 2-h, D, q,

n =7 in the matrix example above which is an n x n matrix

hy=h,=1h=t,, —t, §=2 V1YV p i | ppis-1

tisi— L hi
q;=3 '(hi 8 ythi '51') i=2.n-1
q,=3-hy*6,and q,=3h,"6,_,.

We have used the case of the “natural” spline, which is defined by the characteristic that its second
derivative at the edges is zero.

Resolution :

h,=1; h,=1( hy=o%and h,=%would be natural)
diaglzz : ho; diagn:2 : hn;

diag;=2-h+2-h;_,If diag,=0, thendiag,=1 i =2..n - 1
Ift=h; i=0.n

i i

for i=2 to n do diag,= diag, - -Ift,_,and q,=q, - q,_,we have:lft,_,=right;_,

diag;—, diag; -,
__n
diag,

Dn

q;i~1Ifti_" Piss

we have:lft;_=right,
diag;

fori=n-1downto 1 do p;=

Change of parameterization of the spline function.
Fori=1..nbPts- 1,t € {ti..ti+1 t=t+t-h1 € [0..1]

Si(ti"'T' hi):yi+’l—.(’yi+1_ yz‘)"";
T"T—1)'[(pi°hi—yi+1+yi)"T_ 1J+(pi+1'hi_yz'+1+yz‘)'T]

Si(ti"'T' hi)ZYi+bi'T+Ci'T2+di T
b;=p;" h

;=3 '(yz'+1_ yi)_ (pi+1+2 'pi)' h;
di:(pi+1+pi)' h;— 2'(}’i+1_ .yi)
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Case of' the "spline function" having the slopes at the edges defined
We assume given the slopes at the edges: p,= given; p,= given,

2-h,+2-h, h, 0 0 0

0 b> d>
h, 2-h,+2-h, h, 0 0 0 Ps3 ds;
0 hy 2-hy+2-h; h; 0 0 || Ps|_| Ga
0 0 h, 2-h+2-h, h, 0 ps | | qs
0 0 0 h,_, 2-h, ,+2-h,, h,, Pnoaf |Gn-2
0 0 0 0 h 2-h, | \Ppoa| |Gy

n-1

n = 8 in the matrix example above

q;=3 '(hi "6+ h, '51') i=3.n-2
q,=3"(h, '51+h1'52)_ h,* piandq, ;=3 '(hn—1' 8, th, 5n—1) ~h, > p,

For a periodic spline , the easiest way is to increase the matrix by 10 points, which merge with the
points to give a closed curve which intersects, then calculate the pi, 4., eliminate the first 5 and the last
5.

The case of the periodic spline is taken up later, after having seen another approach to calculating the
spline, which will make the task easier.
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Study of the case where an interval is of zero length, first approach.
Further after determining another way to calculate the "spline function”, the case where the interval is
of zero length is restated and is simpler. So the following can be skipped.

Take the case where h,=0, in this case the matrix becomes:

2-h, h, 0 0 0 0 0 pil |qu
h, 2-h,+2-h, h, 0 0 0 0 p,| |9,
0 h, 2-hy+2-h, h, 0 0 0 P3| |3
0 0 0 2-hy h, 0 0 |"|ps| |94
0 0 0 hy 2-h 0 0 ps| | qs
0 0 0 0 h,y 2-h_+2-h_, h,_, ||ps| |G
0 0 0 0 0 h, - 2:h, 5| | Pal |Ga

q,=3"hy* 8,andqs=3"h; -4,
In this case, lines 4 and 5 come down to a system of two equations with two unknowns:

2-p,+p;=3-6,and

ps+2:-ps=3-46,

Workaround: p,=p.=8§,= Y5 ;y4.

If ¥,=Ys, the value of 8,is undetermined.

By setting it equal to 0 ( 8,=0), we have the advantage that the segment going from # ,to ¢ sremains
constant and that a break can occur in this segment of zero and constant length, merged with the points

Ys=DYs.

On the other hand, since the values of p,and psare known, the matrix breaks down into two
independent matrices. It is practically useless, but it had to be noticed.

Let's remember that :

S,-(t,-+T' h,-)zyi+b,-~r+c,--12+di 7
b=p;"h

Ci:3'(y1'+1_y1')_ (pi+1+2 'pi)° h;
di:(pi+1+pi)' h;— 2'(}’i+1_ .yi)

So s4(t4+r- 0): y4+0-740- T2+0'T3:y4= constant

rr 2
S 3(t4):h_.{2p4+p3_3'53]:0:>P3+2P4:3°53
3

rr — 2
S 5(t5)—h_°[3'55_(P6+2P5)]z0=>2p5+p6:3'55
5
Lines 4 and 5 can be replaced by the lines above, to modify the system and have natural boundary
conditions. This will be easier with the other way of determining the “spline function”.
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Question, is the spline dependent on the choice of reference frame?

In other words,

if we apply a linear transformation to the points defining the spline, then we determine the spline from
these points or

if we determine the spline from the points, then we apply the same linear transformation to it,

obtains- do we have the same curve?

The following shows that yes if the transformation is a rotation, a symmetry or a dilation.

This was also checked programmatically.

0
0
It will be necessary to imagine two cases, one where the transformation is orthogonal, that is to say
that it preserves the distances and the general case.

Note: (2 32 )the 2x2 linear transformation matrix.

X1 N
Note: the (V=% Yily x 2 matrix of points defining the spline.
é.n ny.n
SXl ‘t] Syl 't ]
Sx; Sy,l¢]

Note: (3 (t])= the ( n -1) x 2 matrix defining the curve of the spline.

Sx,_,lt] Sy,_,[t]
(3 lt))is a function F of ¢ and of (V |. It will be developed further.

Sx.lt) Syl
Sxlt|  Sylt]

—_—

Note: [S(tl|=(3[¢])e[2X2 O

0 0 n -1) x 2 matrix defining the curve of the

): the (

Sx,lt) Sy, lt
spline after its linear transformation.
X1 Vi
2x2 0|_|Xx; Y,
0 0

—~

Note: the (‘7) :(W ° n x 2 matrix of points defining the spline, after linear

~ o~

Xn Yn

transformation.

— —~

The question is to know if ( S (t)) is obtained by the same function F of # and of (\7) ?
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Let us explain the function F .

Slell=(A)+(B]-¢+ ] +(D) ¢

Xp N aef. X Vi
Al=| 5 Y lang (A)O] X Y .(?{)is the vector obtained from the TL of the points.
Xn—l yn—l )’(T—_’l W—l
We saw on the previous page that: (Z):(Z)° 232 8),because(v):(v)° 232 8)
px, h, py,-h, hy 0.0 01 [px, py px, by,
(ﬁ): px;* h; pyih |__|0 h O 0 | | px pbyi _lHdiag)o DXx; pbyi
px,_i h,oy py,.ih, 0 0 0 h,_y [PX,.1 PYuou PX,-1 PYn-1
px, Py, ax, qy,

P PYH_(H1 o | P Vi ihere is the large |H 1|n x n matrix from page 2.

bx, Py, ax, qy,

ax, qy, X, Y
Wi Dil_(H2)e| % Vilwhere
qx, q, Xy Yn

|H 2)n x n matrix defining the values of the ¢ ; which are defined on page 2.
It only depends on the values of % ;, which are either independent of the points, or only dependent on
the distances between the points.

Result :

X W

|Bj—(Hdiag|*|H1|""e(H2diag|e| " V1| (Hdiag|e(H1)"(H2diag|e|A|

Xy Yn
and if (%J) is the vector obtained from the TL of the points, then
= O (Hdiag)o(H1 ™ o[H2diag) | X Yiloiry 0 |0 layql-1 e
B g g ' FlHdiag|o(H1]""»|H2diag| Al
X, Y
. - ; = [2x2 0] (».[2x2 O
=|H o[H1) 'o[H2 o[Ale _(B)o
(Hdiag|e(H1|""*(H2diag)°A] ( 0 0) Ble |7 0).

—~

nm

So we have the relation : (B|= |BJe

0 O

2x2 o)
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We can do the same to show that:
if (¢ |and (D |are the vectors obtained from the TLs of the points, then

2x2 0| = _(5,[2x2 0
; O)and(p)=(D)° 0 )!1!

—~

&)=ICl-

This allows us to obtain:

The linear transformation of the spline:
2 2x2 0 2x2 0
Sit

( i 0 O 0 0

[A)* [B]t+(C|-t*+ [D]-t'= (S]]

is equal to the spline obtained from the points which have undergone the linear transformation.

[ —>

— (Ao

-

+(BJe

o

0 O

2x2 0)-r+(6‘)o

This shows that if the matrices |H 1); [H 2|; |H diag; ...

are independent of the points, then the curve of the spline is independent of the choice of reference
frame, because to make the points undergo a linear transformation then calculate the spline or calculate
the spline then make it undergo the linear transformation is the same thing.

In the case where we choose / ;= 1 for all i , we do have independence at the points.

In the case where one chooses /4 ;=distance between the point p ;and the point p ;+1, the independence
is true only if the linear transformation is orthogonal, for example a rotation or a symmetry.
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A first summary:

The spline curve defined by the previous calculations is:

° continuous

° of continuously varying tangents along the curve

° of radius of curvature varying continuously along the curve

° the influence of the points is practically on the 8 neighboring segments of the point
° is easy to calculate, quickly

° can easily be closed

° can have breakpoints, so where the tangent varies discontinuously.

Some justifications for the above statements.
Between two points, the coordinates of the points of the spline are given by a cubic polynomial, so
between two points the curve is perfectly smooth, even from the mathematical point of view.

It remains to see that the statements are correct at the points of definition of the spline.
The continuity is obvious, because the spline passes through the given points.

The way to construct the spline curve involves the construction of two functions that are twice
continuously differentiable, sX(t) and sY(t), which define the parametric equation of the spline.
(X;Y)=(sX(t);sY(¢t))for ¢ varying from O to # ,sps .

s : : .
Slope of the tangent at ¢ = SX_'lt)’ which varies continuously.

When the denominator is zero, the slope is simply vertical.
3
|sX 2[t]+sY (¢
|sX "[t)-sY""[t]+sX "' [t]- s '[t]]

When the denominator is zero, the radius of curvature is infinite.

It varies continuously, because the two coordinates are twice continuously differentiable.

The radius of curvature at ¢ = , which varies continuously.
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Case G 'where the existence of the second derivative is not desired.

To simplify, we may not want the curve to be continuously differentiable twice, but just continuously
differentiable once. We just have to choose reasonable values of p ;.

We want p ;to approximate “at best” the derivative of the curve at ¢ ;.
o t,

t’n
Let fbe a C ™" "hence twice continuously differentiable on the interval [ #,; ,]
tm<to<t,given.
With: h,=t, —t,and h,,=t,~ t,,, both positive.
Knowing f|t,,; f(toJand f|t,], we would like to approximate " at best " f'[t,).
We have :

Flt =t 6]y, - Zewherer, €1t

h
f(tm):f(to) _f'(to)'hm"'f”(Tm)'7mWhereTm = {tm;tOI

p h,, £ a.hp.f”(Tp)_B'hm'f"(Tm)
a+p =l 2-(a+p]

We can think that f''(7, Jand f''(7, Jare close, we don't have better, so a choice that seems reasonable
to me is: a=h,and f=h,,.
,f(tp)_f(t0)+h ) flts) = F1ta)

h
So we approximate f'[t,[by: ™ h P h

p m

A less good, but simpler choice is: @ =h jand f=h,,. which
flt,|~flt,

approximates [’
t,~t,
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Case G 'and with discontinuity of a tangent.

tl 4

If there is a break at 7 4, s 5 only depends on the points at z,, 75, and 74, but not at ¢ 5.
If there is a break at 7 4, s sonly depends on the points at 74, 75, and 76, but notat 7 5.
(If there is a break at ¢ 5, 5 ;only depends on the points at 75, ¢4, and ¢ 5, but not at ¢ ,.)

In the case of a break in 7 4.

We would like to haves'';(t,|=0
1 " 35 -

E.S 3(t4):C3+3°d3:h3-(p3+2p4_353), SO :p4ZSTI)3
Here we refer to p sof s 5, which is different from p s0f 5 4.

We would like to haves' '4(t4):0
1 38, p
7S 4(t4):C4:h4'(354—p5—2p4),So 1P4:%
Here we refer to p sof s 4, which is different from p s0f 5 5.

In the case of abreak at 7 5.

We would like to haves'’s (t3)=0
1 e 36 -

E's 4(t3):C3:h3'(353 ~Pi” 2p3), So 3P3:3Tp4

Here we refer to the p ; of s 5, which is different from the p ;0f's ».
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Another way of approaching the calculation of the spline function, M ;= second derivative.
Reference: “Introduction to numerical analysis” by J. Stoer and R. Bulirsch, Springer-Verlag 1983.

ISBN: 0-387-90420-4 New York or 3-540-90420-4 Berlin Heidelberg.
This way has advantages over the one seen in the previous pages.
Data :

(ti;y:), fori=1..nbPts

Spline passing through the points, cubic by piece, twice continuously differentiable:
s(t)=y, fori=1..nbPts
Yiri™Yi _Yia ™ Vi

h=t,,—t &= = ,fori=1..nbPts-1
tis— h;
Fori=1..nbPts- 1,t €[t;..t,,,
3 3 2 2
to —t t—t, tiy—t K t—t, h’
Si‘t)z(ll ) 'M.+( ) -M. 1+( : )'(yi——'Mi +%.(yi+l_E.Mi+l)

6h, T 6h, M h)

1 1

6

1

Where M i is the second derivative of the spline =1 ;.
So S”i(ti):Miand s |t | =My =5 'i+1(ti+1 .
So the second derivative of s(t) is continuous, provided that the derivative is continuous.

)= ti+1_t)2.M‘+(\t—t,-)2.M‘ =y ,_h_“Z-M 1, ke " )
‘ 2h, ' 2h, AT S T BT R
At the edges:
. hiy 1 hi_, 1 i-1 Yi Vi1
Si—l(ti):T.Mi_E.(yi—l_T.Mi—l r yi~ T'Mi):T-(2Mi+Mi_1)+ e
2 2
s'i(ti):_%.Mi_%i. yz'_h_é'Mi +%' yi+1_% "M, % ( 2M,-M,,, |+ yH;li Y
Condition for the derivative to be continuous: S '; ,-(tl-):S |t,], therefore:
h_[2M+M,_||+6-68,_,=h(-2M,~M, ,|+6-6,
What becomes by rearranging the terms:
hi—1'Mi—1+2(hi—1+hi)'Mi+hi°Mi+1:6'(51_51_1)f01‘i= 2..nbPts - 1
Change of parameterization of the curve.
Fori=1..nbPts- 1,t € {ti..ti”] t=t+t1-ht €|0.1]
S-(t-"‘T‘h-):‘l—TJ3-h—?°M.+13'h—?°M. +‘1_TJ'(y<—h—iZ'M.+T y h_12 )
i\t i 6 i 6 i+l i 6 i i1 g i+l
si(ti+T°hI-)=y,+b cTc; T Hd T
2M+M,,, 2M+M,,,
b=y. ~y— — -hibefore: b;=p;* h;, so:p.= 6. _T.hi
2 . .

¢, ===+ M before: ¢,=3"(y;,, = yi| =[P +2:p,) b, SO:M,:G-%—M#

1 1

d,=

1

03|F,\, N | =5

(M M)before d, (Pi+1+pi)°hi_2'(yz'+1_yz‘)
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In matrix form., this becomes

System of equations to be solved to obtain the value of M'; i=2..n-1

n =number of points = nbPts

Ml =Mn= 0_

These two equalities correspond to the case of the "natural” spline, which is defined by the
characteristic that its second derivative at the edges is zero.

+(hy+h,) h, 0 0

0 0 0 M
2
h, 2'(h2+h3) h, 0 0 0 0 M,
0 h, 2-(h3+ h,) h, 0 0 0 M,
0 0 h, 2+(h,+hg| h. 0 0 ol M, |=
0 0 0 h, 2+(hy+hg| h, 0 M
0 0 0 0 hyy  2+(hu_s¥h,_) ho-2 M,
0 0 0 0 0 hn_g 2.(hn—2+hn—1) Mn_l

n =9 in the matrix example above
Yier ™ Yi_Yisi ™ Vi
L1 ™ L - h;
6= 0 if the numerator is zero, even if the denominator is also zero. It's arbitrary, but practical.
r=6:6,-6,_,] i=2.n-1

h=t,,—t &= ,fori=1..nbPts - 1

Resolution :
diag,=2- (hi_1+ h,-); If diag;=0, thendiag,=1 i=2.. n -1 The first line is i =2
Ift=h,_, i=1.n-1

. . . i Ift; .
for i =3 to n -1 do diag,= diag; - diag. ftand r;=r,— diag,_. “1;_,we have:lft,=right;_,
rn—l
e diagn—l
i+1

i lfti - M,

for i =n -2 downto 2 do M ;=
diag;

we have:lft;,, =right,

What if in the algorithm, we divide by 0?

This would only be the case if h;=0and h;_,=0, so three points are superimposed.

In this case, the whole row of the matrix would be zero, which would have no influence, because the
length of the segment to be drawn would also be zero. This problem is avoided by making the zero
diagonals equal to 1.
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Let us study the situation when the slopes at the edges are fixed.

We assume given p ;and p ,. This will influence the values of M ;and M ,.

We have seen that for i = 1.. nbPts - 1

h, i
S'i(ti):gl.(_zMi_M”l +yl+1h< YIand hi_l.Mi_1+2(hi—1+hi).Mi+hi.Mi+1:6.(51‘_5i—1).
' h y _y — Y2_)’1 p1 M2
Sop1:S 1(t1):€°(_2M1—M2)+ Zhl 1=>M1_3- hi _h_l 7

We must also satisfy:
hy*M+2|h+h,|- M,+h,- M,=6+(5,- 6,

%h1+2h2

Combining, we get: “M,+h,-M,=6:6,-9:6,+3" p,.

This changes the value of the first number on the diagonal, as well as the value of 7, .

- h
If we have chosen the “natural” situation where M ;= 0 , then:p,= th 4 _El.MZ (yo=yi-p1)
1
- h
In any case, we have: p;= YZh 4 —El'(2M1+M2) (Vo=Vi-p1)
1

At the end of the curve:

h‘_ P s
We have seen that:s'i_l(ti)z_gl'(2Mi+Mi—1)+%
i—-1
B,y Yo~ Yn-s Po_ Yo~ Yuor| Maoy
=s' _[t|="=-2M +M _ _ |+ L """-—>M =3- - B
So p, n—l( n 6 ( n n_l) h,— ! h, hi‘l 2

We must also satisfy:
hn—Z.Mn—2+2(hn—2+hn—1) .Mn—1+hn—1 .Mn:6.(5n—1 _5n—2)

Sh_+2h

2 n-1 .Mn—1+hn—2.M —2:9.5n—1_6.5n—2_3.pn-

n

Combining, we get:

This changes the value of the last number on the diagonal, as well as the value of 7, ;.

-y, h_
If we have chosen the “natural” situation where M ,= 0 , then:p,= y"h Yn-1, o LM (yan=yatp
n-1
11)
_yn_yn—l hn—l _
In any case, we have: p,= p + 5 '(ZMn+Mn_1) (Vau=V,+tpn)
n-1

Another possibility is to increase the dimension of the matrix to be solved by two.
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In the case where the slopes are given at the edges, here is the matrix to solve:

2h, R 0 0 0

0 0 M, ry
hy  2-|hy+h,) h, 0 0 0 0 M, r,
0 h, 2+ (h,+h,| h, 0 0 0 M, ry
0 0 h, 2-(hy+h,) y 0 0 || M, |=|r,
0 0 0 h, 2-|hy+hg) h, 0 M, rs
0 0 0 0 hoy  2+(h,p*h, ] h | [Mat| |Tae
0 0 0 0 0 h,_, 2-h | | M| |Ta
n =7 in the matrix example above
h=t, —t §=2m ViV Vi nbPts- 1

Liv1 — 8 h;
8= 0 if the numerator is zero, even if the denominator is also zero. It's arbitrary, but practical.
ri:6 '(61_61_1) i=2.n-1

r,=6- (51 _P1);rn:6 1 PnT 5n—1)

Resolution :

h,=0;h,=0

diag,=2-(h,_,+h,; If diag,=0, thendiag,=1 i=1.. n The first line is i =1
lfti:hi_l i= Il’l

: : : Ift; Ift; :
for i =2 to n do diag,= diag, - diag, . Iftandr,=r,- diag “r;_;we have:lft,=right,_,
— rn
" diag,
ri_ lfti+1.Mi+

for i =n -1 downto 1 do M,= “we have:lft;,, =right,

diag;

There are n + 2 points; n =nb_points - 2.
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Study of the case where an interval has zero length.
Take the case where /4 4= 0, in this case the matrix becomes:

“[hy+hy) h, 0 ( 0 0 0 M, r,
h, 2-|hy+hy) . ( 0 0 0 M, rs
a) h . (I a) a) a) AL
\v} 3 Cam | 51 v |V \v) A 1V14 I4
A A a) 2.h 2 ) a) ° AL == e
U U U < 115 115 U U 1V15 - I5
0 0 0  hy 2:|(hg+hy h, 0 M, re
0 0 0 hy s  2:(h,_s+h,_, h _, M, ry
0 0 0 0 Ha-s 2+(hygthy_y)| [ Ma-i| |Ta

n =9 in the matrix example above
hi:ti+1_ ti 51‘: Yinr i :yHl_ yi, fori=1..nbPts - 1

L1 ™ L h;
6= 0 if the numerator is zero, even if the denominator is also zero. It's arbitrary, but practical.
r=6:6,-6_, i=2.n-1

The system splits into two independent systems.

6,= Vs Ya_ gis indeterminate.
hy 0
So r sand r sare also indeterminate.
It would be practical and natural to have M 4= M s= 0, so that the spline breaks down into two natural
splines.
We would have :
hy- M,+2-(h,+ h3) * M, =r;. The equation: h;* M;+2h,- M ,=r,would be replaced by M ,= 0.

2+(hg+hg|- Mg+hs- M,=r . The equation: 2hs* Ms+hy- M¢=r.would be replaced by M 5= 0.

Resolution :

diag;=2-|h,_,+h,); If diag;=0, thendiag,=1 j=2.. n -1 The first line is i =2
Ift.=h,, i=1.n-1

Ift,=lft;=Ift;=0and r ,=r;=0add to the algorithm.

for i =3 to n -1 do diag,= di " i and ', have:Ift, =right
= - lag,=diag; - -Ift. r=r.— T :ft,=right,_
ori on 0 diag, [¢] diag. . andr, " diag, ;_1W€ have ght; _,
_ rn—l
n_l_diagn—l
rilfti - M,

for i =n -2 downto 2 do M,=- "L we have:lft,,, =right,

diag;
We automatically have the two desired equalities: M 4= M s= 0.
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Take the case where we do not want continuity of the derivativesat =14

This would make it possible to have a break in the slope at 7 4.

The strikethrough line in the system below should be eliminated, leaving a degree of freedom.
M 4of segment s 4need not be equal to M 4of segment s 5.

It would be natural to set M 4= 0, so that the spline breaks down into two natural splines.

‘(hi+hy|  h 0 0 0 0 0 M|
h, 2+ (hy+h,) h, 0 0 0 0 M, r,
0 hs 2-thst-hy] hs 0 0 0 M, | |1+
0 0 h, 2-(hy+hs) h, 0 0 of M, |=| r.
0 0 0 ; 2+ (hg+hy) h, 0 Mg re
0 0 0 0 h,_; 2- hn—3+hn—2) h,, M, Iy
0 0 0 0 0 h_, 2-(h,_y+h,_ )| (Mast| |Taes

n =9 in the matrix example above
5= Yisr " Vi _Yier” Vi
L1 ™ L h;
8= 0 if the numerator is zero, even if the denominator is also zero. It's arbitrary, but practical.
ri:6 °(61_61_1) i=2.n-1

h=t,,—t

1

,fori=1..nbPts - 1

Resolution :

We leave the line crossed out, i =4, which will automatically give: M 4= 0.
diag,=2-(h,_,+h,; 1f diag,=0, thendiag,=1 i=2.. n -1 The first line is i =2
Ift=h_, i=1.n-1

Ift ,=Ift.=0and r ,=0add to the algorithm.

for i =3 to n -1 do diag,= di il Ift.and i have:lft,=right
= - iag;=diag; - -Ift. r=r.-— T, Aft.= .
or i on 0 diag, [¢] diag. . and r,=r, diag, ;_1W€ have ght; _,
_ rn—l
n_l_diagn—l

ri—1 t'+ ) Mi+ .
#we have:lft;,,=right,
diag;

We automatically have the desired equality : M 4= 0.

for i =n -2 downto 2 do M=
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Case of periodic spline, corresponding to closed curves.

In this case, the second derivative of the curve at the “starting point” in M ; and

the second derivative of the curve at the “end point” in M :10 are approximated -

We add 10 points periodically, we eliminate the first 5 and last 5 segments, which gives us the periodic
curve, because beyond 5 points, the segment is no longer influenced by the points.

Approximation of the second derivatives at the start and at the finish:

For a curve passing through points V, =(Xl-,' yl-)it is different than for a spline function.
Here we deal with the case of a curve passing through points.

Given: Vl:(xl-;y,-)fori= 1.. nbPts

We add: V,=V,and we can add: V,,,=V..

Yir1 ™ Vi

Vi —\7,” 5,-=T= slope , for i = 0.. nbPts +10

h,= distance between V;and V1-+1=|

M. =2 %1~ dM =2 O~ On-s =nbPts and m =n + 10
= h1+h0an m= h+h n=nbPtsand m=n

System of equations to be solved to obtain the value of M'; i=2..n +10-1
n =number of points = nbPts

“[hy+hy) h, 0 0 0 0 M, r,
h, 2+ (hy+h,) h, 0 0 0 M, r,
0 hy 2+ hythy| h, 0 0 A M|
0 0 h, 2-(h,+hy] h, 0 M, | | rs
0 0 0 Mooz 2+ (M sthy, ) hpes M, 5 |Two
0 0 0 0 h, 2+ (hy_ythy || (Mu-a] Fne

m = § in the matrix example above

ri:6'(61_61‘_1) i=3.m-2
r2:6'(52_51)_hl'M1andrm—1:6'(5m—1_5m—2)_hm—1' m

Resolution :

diag,=2-(h,_,+h,; If diag,=0, thendiag,=1 i=2.. m -1 The first line is i =2
lfti:hi_l i=1l.m-1

: : Ift; Ift; :

for i =3 to m -1 do diag,=diag; - diag._. Iftandr,=r,- diag. “r,_;we have:lft,=right,_,
_ rm— 1
m diagm— 1
ri—1ft,,, M., .
for i =m -2 downto 2 do M ,:#we have:lft,,,=right,
diag;

We only keep the values from Msto M, _s. Note (M,,_s=M,,

to define segments from 1to n .
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Case of periodic spline, corresponding to closed curves, but with break.

In the case of a closed curve, with a break at a point, that is to say with a point having a discontinuity
of the tangent, this corresponds to a non-periodic spline, with a beginning and an end superimposed on
the point having the break.

For the calculations, you just have to start the matrix at the point having the break.

The other way is to add the following conditions to each breakout £ :

Ift,=Ift,,,=0and ry=0to add in the algorithm, before the elimination of Gauss and to add points, as
described previously.

It's easier.
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Links with other spline curves, described in the video “The continuity of Splines. »

See: https://www.youtube.com/watch?v=jvPPXbo87ds
by Freya Holmér see: https://www.youtube.com/@Acegikmo

Excellent video which summarizes different approximations by splines.
Unfortunately, the spline I described earlier is not part of the list of splines described in this video.

Bezier:
1 0 0 o [P P, et P, sont des points de controle.
| - p
Pl=(1 ¢ & |72 3 0 0L|% po)=p
t)=[1 ¢ ¢ ¢ S6 3 oflp) (0) =Py
-1 3 -3 1 |p| PD=R
P’(O) = -3 P() + 3 P]
Hermit: D(1\= 2D. 12 D.
1 0 0 0[P PO=P
P{t):(l t t tS)o 0 1 0 0 |,|Ve] P()=P,
-3 -2 3 -1||P, ,
P’(0)=V
2 1 -2 1] |y O)=Vo
opn=v,

Catmull-Rom;

0 2 0 0} [Py PO=P
Plt]:%°(1 t & ) _21 _05 411 _01 o il P(1)=P,
2 s - _
-1 3 -3 1] |p, P’(0)=-0.5P,+0.5P,
P(MN=-05P.+05P-
B-Spline:
1 4 1 0| [Py PO)=(Po+4P,+Py)/6
Pli=L-(1 ¢ ¢ el 3 0 3 01 1P p1y=(P,+4P,+P;)/6
6 3 -6 3 0| |pP,
-1 3 _3 1 p P’(O) = -05 Po + 05 Pz

w

P(M=-05P.+05P-

Parts of the video:

22'-23' improvement, to obtain the spline described in the previous pages.
38' Geometric continuity

43 Hermit Bezier

46' - 47' Cardinal spline

48' Catmull-Rom spline

54" Matrix of B-spline

57" Summary of the 4 splines above.
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More precise definition of a B-spline and links with Math-splines

After having more precisely defined the B-spline curve obtained by control points, we will see how to
pass from the control points of a B-spline to the control points of a Math -spline and vice versa.

Both curves are the same, just the way to control them using various points differ.

The advantage of a B-spline is that moving a control point only changes the 4 adjacent segments. Its
disadvantage is that it does not pass through checkpoints.

The advantage of a Math-spline is to pass through all the control points, except the first and the last
which we will define later. Its disadvantage is that it theoretically modifies all the segments of the
curve, although practically it only modifies the 8 adjacent segments.

To avoid confusion with the letters used previously, here are notation conventions:

The control points of the B-spline will be denoted: U ;, fori=0 .. n +1.

The Math-spline control points will be denoted: V', fori=0 .. n+1.

The U ;and the V' ;are points or vectors of dimension 2 for a plane and of higher dimension for a larger
space. (3 for our space and more for a mathematician.)

The spline curve will be denoted s (¢ ), for t=1to ¢ ,, satisfying: S(ti) =V, fori=1.n.
It is defined by
slt|=s,[t|=s/(t;+T " h]tot € [¢;..t

i i+l

te(0..1]

s;|t]is piecewise cubic.

Simplification for a first approach.
t;=iand so h;=1for all i .

Let us look for a matrix 4 making the spline curve twice continuously differentiable, to find the matrix
linked to a B-spline.

dy;p dy;p dy;3 Aoy Ui,
aZ;l aZ;Z aZ;3 aZ;4 ° U

i
a3;1 03;2 a3;3 a3;4

Ui+1
a4;1 a4;2 a4;3 a4;4 U

i+2

s"[t#1]=(0 0 2 61

For any U ;, the conditions to be met are:
Si ti+1):Si+1(ti+1
Si ti+1):Si+1(ti+1
S'”(t :Si+1”(t

1

i+1 i+1

You can skip the calculations on the next page, to see only the result.
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S; ti+1): S,-+1( t,-+1)irnp0ses the following condition, which breaks down into 5 conditions:
(\a1;1+az;1+a3;1+a4;1) Ui+
(01;2+a2;2+a3;2+a4;2) Uit

(‘11;3"' a2;3+‘13;3+a4;3) Ut

(al 410y 4+0; Ay, 4)' U=

ay, Uita, , U +a,5 U pta, U
Since the equahty must be true for all U ;, it gives 5 equations.

i+3

S'i(ti+1 :S'i+1(ti+1
((12;1+2(13;1+3 a4;1) Uit

@y,,+2a5,+3a,,) U+t

(:(12;3+2a3;3+3(14;3) Uit

(02;4"'2“3;4"'304;4) U=

Ay " Uity Uy +0y37 Uiy +a, 40 Uy

Since the equality must be true for all U ;, it gives 5 equations.

5”1(tl+1 1+1(t1+1
2a,, 1+6a4 1k
(203 ,+64a,, 2)
(203;3"'6“4 3) Uit

(203 st6ay, 4) Ui

2a;.,U+2a;.,U,+20a, 53U,
Since the equality must be true for all U ;, it gives 5 equations.

U,_,+
U+

+2a,.," U,

i+3

We obtain 15 equations quite easy to solve, with a free unknown.
Concerning the U ;s we obtain: a,,,=0; a,.,=0;a, ,=0

Concerning the U ; ., we obtain:
2a;,+64a,,=2a;;, Soa;,;=3a,,
ay,4+205,,+30,,,=0,;, So0a, =30, 4
ay,4+0ay ;+03,+0, 4, =0, 3 500, 3=0,,

Concerning the U ;.; we obtain:
2a;,3+6a,,;=2a;,, Sod;,=3a, ,+30,;
31205543 0,,3=0, 5, S00,,,=90,,+30, 4
A3+ 0, 3%05,340, 3= 0y, S00,,, =70, 440, 5

Concerning the U ; we obtain:

2a;,+6a,,=24a;,, Soa;,=3a,,,+3a,;+3q,,
a,.,+20a5,,+30,,,=0,,, Soa,,, =15a,,,+9a,3+3a, ,
a,,+0,,+0;5,%a,,=0a,;,, Sod,,;=19a, 4,+7a, 5+a,

Concerning the U ,;; we obtain:
2a;,,+6a,,,=0, Soa;;;=-3a,,
a,,+2a;,+3a,,=0, Soa,,=3a,,
a,+ay,,+a;, +a,,,=0,Soa,,, =-a,,

By solving 3 equations, we get: d,.;=—34d,.4and d,.,=30,.,anda, ;= —qa, ,
Which constraint must still be satisfied to fix d,.,?

imposes the following condition, which breaks down into 5 conditions:

imposes the following condition, which breaks down into 5 conditions:
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We obtain :
1 4 1 0| (U=
_ 2 3 (=3 0 3 0 U,
Si(ti+T)_a4;4.(1 T T T e 3 _6 3 0 ° Ui+1 9T € [01}
-1 3 -3 1 U.

We find the matrix of the B-spline curve, with a free parameter, which corresponds to subjecting the
whole curve to a homothety.
For that s; (ti) =4y ( U +4U+U,,,

corresponds to a weighted average of the U ;, we choose the

1 . . . . .
value of @, ,= 6 Another choice would make the curve dependent on the choice of plane origin. It is
necessary that if we translate all the U ;in the same way, that we calculate the B-spline curve, then that
we translate it in the other direction, we obtain the same curve independently of the translation.

Thus we obtain exactly the characteristic matrix of a B-spline.

1 4 1 of U+
J-3 0 3 0|U

3 -6 0

-1 3 -3 1

3

si(ti+r): °(1 T T T

D

Ui +1
Ui +2
In appendix II, I recheck that the curve thus obtained is indeed twice continuously differentiable.

A first relation between the control points of the B-spline and those of the Math-spline:
s(ti)zsi(ti):Vi:é'( U,_+4U+U,, |, fori=1.n.

The two control points ¥V gand V 11 remain -
The Math-spline has two degrees of freedom corresponding to the slope of the curve at the start and
the slope of the curve at the finish.

s(ti+r):%-{Ui_1+4 U+U,, +
T+(-3U,_+3U [+
13U, -6U+3U,, [+
T '(’_ Uio1#3U,;-3U;,.+ Uz‘+2)

Derived from s(t).

s'i(ti+r):%-{—3U1._1+3U1.+1 + 1 4 1
1 —

T'(6U1—1_12Ui+6Ui+1)+ S'i(ti+r):g°(0 1 2t 3717 3 —06 g

t*+[-3U,_+9U,-9U,,+3U,,, -1 3 -3

Let's calculate the second derivative of s(t).
s'[t#1]=U,_ - 2U+U 1+
T '(_Ui—1+3Ui_ 3Ui+1+Ui+2)

_ o O O
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Determination of the two control points V' ¢and V .., of the Math-spline to make the two curves
coincide.

Slope at start = p;=s'[t,|=s '1(t1):%- Uz_%‘ U,
Slope on arrival = p,=5"[1,/=5 1,/ =3 Uy =3 U, .

For the Math-spline, these two slopes are free to choose.
It remains to define a link between these two slopes and the two values V yand V ;.
We want the following conditions to be fulfilled:

1 1
1)P1:§° U, _§° U
2)Vi=a-Uy+B-U+y-U,, witha; B ;yfree
1 4 1
3)V1:€' Uo"'g ’ U1+g U,

4) p,=A-V,—p-V, with A; pufree
We therefore want to express V (as a function of U, U ;and U ,, which makes it possible to
determine p ; which satisfies condition 1), which describes the derivative at the start of the curve.

From these 4 equalities, let p 1, Voand V1 gisappear -
1) =4) and substitute 2) and 3), to obtain:

1 1 1 4 1
E'Uz_E'Uoz)\'g'U0+)\'€°U1+)\'E°U2_IJ'O(°UO_IJ'B'U1_IJ'Y'U2

By rearranging the terms and highlighting the U ;:

1 1 4 1 1
l] . _+)\.__ . +l] . )\.__ . +l] . )\.__ Yy — — —0
012 6 H 0() ! 6 H B) 2 ( 6 oY 2)

We want the equality to be true regardless of the values of U ;, so we must:

1 1 1 A
_+)\.__ . :0 - 4+
2 6 Ha and * 2-p 6
4 4 A
2 —u-B=0 LA
6 H B and B 6
1 1 A 1
Ar=—pu-y—==0 - -
6 HY 2 Y 6p 2-p

A natural choice is: A=p=1. With this choice, we get: p,=V, ~Vand

_4 54 _ 2
C(_G,B_G’y 6"

4 4 2
6 Uote Vg

So :V,=
Parenthesis, not accepted.

A pleasant choice to obtain a tri-diagonal matrix for passing from U ito V';would be to have

A 1
=— =0 =3 y= =
4 61 21 , therefore A=3 - y=3andu=1
3

O(Z%and B=2, VO:E ‘U,+2-U,, p;=3-V, =V, For p , this is not natural. FRO.
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Let's do similar calculations to determine V ;.

We want the following conditions to be fulfilled:
1 1

l)pn:_EOUn—l-FE.UrHl
2) Vn+1:a. Un—1+[)). Un+y. Un+1a Wltha,[)),)/free
1 4 1
V=="U,,+=-U+=-U
3) n 6 n-1 6 n 6 n+1

4) p,=p V.= AV, with A; ufree
We therefore want to express V , 1 as a function of U ., U ,and U .1, which makes it possible to
determine p , which satisfies condition 1), which describes the derivative at the end of the curve.

From these 4 equalities, letp ns Vn and Vn+1 disappear -
1) =4) and substitute 2) and 3), to obtain:

_l.Un—lzl’l.a.Un—l-l-l’l.B.Un+l’l.y.Un+1_)\.%.Un—1_)\. .Un_)\. .Un+1

l : Un+1
2 2

By rearranging the terms and highlighting the U ;:

Un_l.(l_A.%w.a),,Un.(y.B_A%),,UM. gy Lol

6

=0
2

We want the equality to be true regardless of the values of U ;, so we must:

1 1 A 1
__)\._.l. . :0 - -
2 6 Ha and * 6p 2-p
4 4 A
B-A-2=0 .
p- B 6 and B 6
1 1 A 1
cv—A=——==0 - 44—
HY 6 2 Y 6p 2-p

A natural choice is: A=p=1. With this choice, we get: p,=V .., ~ V,and

_ 2 54 _4
=5 P e
2 4 4
So ZV,H_l:_g’ Un_1+€° Un+g . []m_1

To calculate the curve of the B-spline passing through the control points:
Si (ti+T):é : { U +4U+U , +
T+(=3U, +3U,, [+
(30U, ,-6U+3U,, |+
T ( —U,.1+3U,-3U,,,+ Ui+2)

te/0..1]
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Writing in matrix form of the transition from U ;to V ;.

Vo 4 4 -2 0 o0 o] |Uo
Vi 14 1 0 o0o||U
V|10 1 4 1 0 0] ]|U,
vV, 6|0 0 1 4 1 0| |U,
Vv 00 0 1 41|]|uU,
v 00 0 -2 4 4/ |y

Here, n = 4. There are 4 waypoints and 6 control points.

So the transition from the B-spline control points to the Math-spline control points is:

4 4 2 2 4 4
Vomsg Ut Ui g UV =- Up b o Ut U
1 4 1
==-U,_,+—-U+=-U, =
Vi 6 Ui 6 U, 6 Uyjy, fori=1..n

Passing from Math-spline control points to B-spline control points.

Going from Math-spline control points to B-spline control points requires solving the system of
equations. Since the matrix is tri-diagonal with dominant diagonal, the calculation is quite fast. The V',
are given, we seek the U ;.

To get a tri-diagonal matrix, let's combine the first two rows and the last two.

6 12 0 0 0 o] | Yo Vot2V,
1 4 10 0 o] |U vV,

0 1 41 0 0f]|U;|. v,

0 0 1 4 1 O0f|U,| v,

0 0 01 4 1 U, v,
0.0 00 12 6] | V42V
Resolution :

diag,=6; diag,,,=6;
diag;=4 fori=1..n ’
qo=6"(Vo+2-V,|,q,u1 =6V, +2°V,],q=6"V, fori=1.n

: . 1
diag,=diag, ~———"12andq,=q, -

diag, diag, o
i diag.=diag. ———— -1 =q.— - d.
for i=2 to n do diag;= diag; diag._, andq;=q; diag, _, qi-1
. . 12 12
d =d -——-1 = - .
lagn+1 lagn+1 diagn andqn+1 qn+1 diagn qn
— qn+1
" diagn+1

~1-U,
for i = n downto 1 do UI:qITg”There are n + 2 points; 7 =nb_points - 2.
q,-12-U,

diag,

0
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Out of curiosity, let's look at what has become of the system after triangulation by the Gaussian
method described in the resolution above.

6 12 0 0 0 0 0 0 0 Uy
0 2 1 0 0 0 0 0 0 U,
0 0 35 1 0 0 0 0 0 U,
0 0 0 3.7142857 1 0 0 0 0 U,
00 0 0 3.7307692 1 0 0 0 ol U, |=
0 0 0 0 0 3.7319588 1 0 0 U,
0 0 0 0 0 0 3.7320442 1 0 U,
0 0 O 0 0 0 0 3.7320503 1 U
0 0 0 0 0 0 0 0 27846093/ | ; ”1
6*
V, 42V,

0.666666 -V, — 0.166666 - V,
V,-0.333333V,+0.083333 - V,
V,-0.285714-V,+0.095238 -V, —0.023810 - V,
V,—0.269231 - V,+0.076923 - V, - 0.025641- V,+0.006410 - V,
V.- 0.268041 -V ,+0.072165 - V, - 0.020619 - V,+0.006873- V, —0.001718 - V/,

V- 0.267955 V.+0.071823 -V, - 0.019337 V,+0.005525 V, ~ 0.001842 - V,+0.000460 - V/,
V_-0.267959-V,+0.071799- V', —0.019245 - V,+0.005181- V', —0.001480 - V,+0.000493 - V, - 0.000

V. ., —0.267959-V,+0.071799-V - 0.019228 - V. +0.005157 - V,— 0.001388 - V ,+0.000397 V', — 0.000132 - V

We notice that very quickly the diagonal of the matrix converges towards 2++v3=3.732051.
We also note that the V';quickly no longer influence the remote U ;.
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Closed B-splines.

In the case of the drawing, n =7 U} §
) ) Un+
The goal is to add a segment s ,,, so that the curve is closed. 1
To do this, we will add a point U, .» and the segment s ,,
associated with the points U ,.», U ,+1, U ,and U, ., and allow Uo®n -
the position of the points U , +1 1 be modified» a0d U o. s G )
We want this segment to end on U ¢, ie C 'and C *at U . 1 ) i

The conditions of continuity, of continuity of the derivative and of the second derivative are satisfied
between s ,.1and s , if we have as usual:

sn(tn+r):é-{Un_1+4Un+Un+1+
T+(-3U,_,+3U,,, [+
t*(3U, ,-6U+3U,, [+
U (~U,#3U,-3U .+ U,

On the other hand, three new conditions must be satisfied to have the continuity of the curve, the
derivative and the second derivative.
It is therefore necessary to satisfy:

1 1
Sa(tann)=s1(t1),(ti=ts11).So g'{Un+4Un+1+Un+2 :g'{U0+4 U,+U,land
1 1
$'(tn) =s'1(21). 80 "[3U,, = 3U, =5 [3U, =30,

:%-[U2—2U1+U0]

1
s"o(tun)=8"1(11). SOE'[UH+2—2UH+1+UH

We check that they are satisfied if and only if:
U,.,=U,and U,,,=U,andU,=U,,

In conclusion, to close a B-spline, it is necessary to add a point U , », place it on point U ,and place
point U on U ,and place point U ,.;on U ;.

The closed Math-spline linked to the points V' ¢to V .+ corresponding to the points U ¢to U .1, will
give the same curve as the closed B-spline described above.
Note that the closed B-spline has one more point than the closed Math-spline!

The modification of the position of the points U ¢and U ,.; will modify the position of the points V', V'
1, Vwand V.., therefore the Math-spline curve. But it will not change the position of other points.

For a closed Math-spline, points ¥ gand V ., are ignored.

These modifications of the points U gand U ,.; make it possible to close the curve while keeping it
smooth, without disturbing the segments s ,t0 s , .

If a curve of a Math-spline is closed, then the corresponding B-spline will automatically have
U,,;=U,and U,=U.,. Closing the B-spline will give the same curve as the Math-spline.



18.1.2023 Math-spline, definition, study, construction and links page 30

Study of the general case, where the transit times ¢ ;are no longer regular.
Let us summarize the characteristics of B-splines of degree 3.

A B-spline (of degree 3) is characterized by the data of:

° control points of the B-spline will be denoted: U ;, fori=0 .. n +1;

° of passage time ¢ ;fori =1 .. n and

° of n -1 4x4 characteristic matrices which will be denoted 4 ;

such that if we define:

i,1;2 Qi1;3 dig;a Ui,

a;

3)0 Air.y Ginn Uiz oy, U,
al
al

i,3;2 ai,3,‘3 ai,3,‘4 U
a2 Qias Qg \U;

The curve (B-spline) defined by s(t|=s [t|for t € [t;..t;,,
is twice continuously differentiable.

b

The U ;are points or vectors of dimension 2 for a plane and of higher dimension for a larger space. (3
for our space and more for a mathematician.)

To make the connection with the above: S(tl-)Z S; (ti) =V, fori=1.n.
s,|t]is therefore piecewise cubic.

The question is how to determine the coefficients a ; ; x above so that the curve s(t) defined above is
always twice continuously differentiable, whatever the points U ;.

This time, the coefficients a ; ;, x will depend on i .
In order not to weigh down the writing, the i -dependency will not always be explicit.

In the next few pages, there are a lot of calculations! They can be skipped, to see the result in the
summary that follows these calculations.

For this, let's start from the definition of a B-spline from the Wikipedia page:
https://en.wikipedia.org/wiki/B-spline

Let us limit the case of B-spline of degree 3, let us transform the notation to adapt it to that used
previously.

Given m +1 nodes t;with ty<t;<..<t,
a B-spline curve of degree 3 is a parametric curve s ( ¢ ) defined as follows:

m-4
slt)l=Y] b.,lt|-P,teE {tz,%m_a]
j=0

where the P ;form a polygon called the control polygon.
The number of points composing this polygon is equal to m - 3.
The m -3 B-spline functions of degree k are defined by induction on the lower degree:

b (fl= 1 sit<t<i,,,
bJ;O J_ .
0 sinon
o t—t. ~ t.....—t ~
b, ltl=~—b., [tJ+=L b ]
s tj+k~_tj skt . Civke1 ~Ljaa i
- t—t ~ .=t ~
j— J . jrk+1 . . ~ oy ~
bj;k'tj_ﬁ bi-lt/+ = bj+1;k—1't)aWlthhj;k—tj+k_tj
jsk j+1k

b, [tlis zero ift & [T),F,,
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Changed notations to match the one used previously.
U=Pt;

Joj- 2
m-3=n+ 2 number of control points
n=m-5;n3=n+5
bj—2;k‘tJ:bj;k't)

So

n+1

slt]= }:bJZS U'te{q,

1 sit;_,<t<t,

bj_2;01t):bj;01tJ=[ =1 it remains to define the values of 7 ,, ¢ .;and 7, !?!

0 sinon
~ 1 sit.<t<t,
bj.olt t|= b o(t)_[ A
0 sinon

t—t, Eropey =t ,
bj;k't): ! 'bj;k—1't)"'L .bj+1;k—1't)a with h;, =t;,, —t;, soh;=h; =t~

hj k hj+1;k
b,.|tlis zero ift & [t;,t;,.
bj;31tJ1s zero if t & 1t;,t;,,[also: b,_,;ltlis zero if t & 1t;_,,¢;[.
n+l Jj*2
:Z bj—2;3 U Z b] 2; 3 U te [tl’ i+1
j=0 j=i-1

Thus we can clearly see that s ;( ¢ ) only depends on the points U i1to U .

Let's explain them b, [t].

Lt L —t , Lttt Lyt
_ i. j*2 ) — j*1, j+3 .
bj;l'tj_ h bj;O‘tJ-l- h bj+1;0(tJ bj+1;1(tJ_ h bj+1;0(t)+ h bj+2;0‘tJ
js1 11 j+1;1 j+2;1
Lt Lzt
bj;Z'tJ: h J'bJ 1“)"' ;; 'bj+1;1(t)
js2 j+1;2
t—t. [ttt b, t t. —t t—t t..,.t
J J Jj+2 j+3 j+1 j+3
-2‘t): ) 'b';o'tJ"' b, 1;0“) + b, 1;0“]"’ b, 2;0“))
! hj;2 ( hj;l ! hj+1;1 o hj+1;2 hj+1;1 o hj+2;1 a
t—t,; t—t, t..,—t t...,—t |[t—t. t..,—t
b . lt)= j+1, Mop o (22— p (] [+ *2.h )+ 22— bt
s ) hj+1;2 hj+1;1 Jro ) hj+2;1 Je2i0 ) hj+2;2 hj+2;1 Jr2i J hj+3;1 Jr3:0 )
Lot—t. t.,,—t
b, lt|=—L b [t|]+LE—-b. [t]
js3 hj;3 js2 hj+1;3 j+1;2
t—t. |[t—t., [t—t t.,,— t..,—t [t—t. t..,—t
b'<3‘t)_ ! L J°b'<o‘t)+ - b o‘t) + L2 J+1°b'+1<0‘t)+—J+3 'b'+2<0't)
a hj;S hj;2 hj;l o hj+1;1 " hj+1;2 hj+1;1 J’ hj+2;1 e
t. t |[t—t t—t t. t..,—t [t—t. t..,—t
L _it4 . *1.p ‘t) Jj+3 b (t) it . i*2.p 1t)+L°b. (t)
' 1,0 2;0 2;0 3,0
h]+1;3 h]+1 2 ( hj+1 1 J+ hj+2 1 o hj+2;2 hj+2;1 o hj+3;1 o
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Let us evaluate in b, 5(t;|to already have coefficients.

ai 11 Q1o Gias G| Ui
a. d. a. U.
,2;2 ,2,3 ,2;4
Let's remember that :5;(t;/=[1 0 0 0o ’ ’ A M
az 3.0 Q30 i3z Gyl Uiy
al41 al4;2 a143 al44 Ui+2
Si(ti):ai,l;l. U_+a,,,U+aq 53U, +a ., U,
and
j+2
Si(ti): 2 b, »slti) U,
i1

s(t;]= b133()U 1 +b o[t U b 5[t Uy # b 5[t - U

i+2

So there is a direct link between the coefficients of the matrix and theb; ; ( tl-)
They are explained below.

Recall that b, o [t]is zero if t 63{ joljele

1 sit.<t<t,.
bJ o‘t):[ I s
0 sinon

b;.o[t;]/=1only if i = . In the case where ¢ ;= j, we haveh, , =k

t.—t. |[t.—t. [t.—tC. t..,—t t. .—t. |[t.—t t...—t
b~.3(t-): i jJo| i joJ| i J'b~.0(t-)+ j+2 1.b+1 o(t)"' j+3 i i j+l, b+1 o(t)+ j+3 1'b~+2.0(t-)
e hj;3 hj;2 hj;l S hj+1;1 ! h]+1,2 hJ+1 a h]+2,1 e
+
t..,—t [t—t. Lt t...— L t..,—t |[t—t. t..,,—t
jt+4 i, i Jj+1, Jj+1, b (t + j+3 l'b (t + jt+4 i, i ]+2.b (t + j+4a l'b (t
1;0 j+2;0\ i j+2;0\%i j+3,;0\%i
hj+1;3 hj+1;2 ( h]+1 1 d ) h]+2,1 e 1) hj+2;2 hj+2;1 e 1) hj+3;1 e 1)
First coefficient:
az,1;1:bi—3;3(t1)=
L=t [t=t g [ti=t,_, t,_, —t t—t, [t,—t t—t
’ b 3-0(t')+ 1 ~+b;_, o(t‘) + ) b, o(t)"' — b, o(t)
hi—3;3 hi—3;2 h 1 ' 1 hi—2;1 1 1 h1—2;2 h1—2;1 1 1 hi—l;l 1
+
t t. [t.—t._ —t._ t.—t t. t. ([t—t._ t..,—t
i+1 i i i-2 | "i i Z'bi_z‘o( ) i i bl 1‘0(t1) + i+1 i i i 1'b1'_10( 1)+ i+1 1.b10(t1)
hi—2;3 hi—2;2 h1—2;1 ' hl—l;l ' h1—1;2 hl—l 1 hi;l
ai,l;l

hi—2;3 hi—1;2 hi;l hi—2;3 hi—1;2 hi;l

hi;l hi;l

hi—5:3 hioy
Verification in the equidistant case where t;= j, h; ,=k:

SOaiyl;lzbi—B;B(ti):

N |
>—x|>—x

1
g, that's what we've been waiting for!

1
ai,1;1_§
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Second coefficient:
Recall that b; 5 (ti)z

ti_t. t.—t. [t—t. t..,—t. t..—t. [t.—t. t...—t.
jJo| i jo| i i.p (t-'l' j+2 L.p. (t- + j+3 i i ]+1.b. (t) j+3 L.p. (t) +
;0 1,0\ 1;0 2;0
js3 hj;2 ( hj;l o 1) hj+1;1 J+ 1) hj+1;2 hj+1;1 o 1 hj+2;1 o 1
t. . —t t.—t. t.—t. t...—t t..,—t [t —t. t. . —t.
j+4 i i j+1 [ "i J+1’b (t)"‘ j+3 l’b (t) + j+4 i, i J+2’b (t)"‘ j+4 l’b (t)
j+1;0\%i j+2;01Li j+2;0 L i+3;0
hj+1;3 hj+1;2 ( hj+1;1 a 1 hj+2;1 ! 1 hj+2;2 hj+2;1 ! 1 hj+3;1 ! 1
a,,,=b;,_, S(tl)_
G0, |GG, [0, -t L~ 4 |G Gt
’ b‘—z-o(‘)"' — b1 ‘)+ ; o e 'b‘—1-0( ) : : o(t‘) +
hi—2 3 hi—22 hi—2;1 Ce hi—l 1 e hi—1;2 h1—1;1 Co hz 1 v
ti+2_t1 tl_tl—l tl_ i-1 t‘+1_t t‘+2_t‘ Lt t‘+2_t
: 'b'—1<0( ')"' 1 1 b*o(t') +— o b*o(t') : 1°b'+1<0(t‘)
h1—1;3 h1—12 h1—1;1 R hi;l P hi;2 hi;l s hi+1;1 A
—— Ui
ti_tl—Z.tHl tl.t1+1_t1+ti+2_ti.tl_tl—l'ti+1_ti:
hi-y.s  hisio h; 4 hi-is  hi_io h; 4
hi—2;2. hi;l h hi;2 .hi—l;l.h
hiy.s hioyn hiy hioyz hisyn hig
h_.. h.. h.. h._..
Soai’1;2:bi_2;3(ti): i-2;2 i;1 + ;2 =151
hi—y3 hisyo hisy3 hiogo
Verification in the equidistant case where t;= j, h; ,=k:
21 2 1 4 ..
a; .,= 3 : §+§ : EZ 5 that's what we've been waiting for!
Third coefficient:
ai,1;3:bi—1;3(ti)=
G-ty |GG [, ti ™ g Lo 4 (G Ly L
. . bi o G by [t ] |+ | L by [ =2 byl
hi—l 3 hi—l 2 hi—l;l T hz 1 P hi;2 hi;l s hi+1;1 T

L™ 4 (G0 [ L™ L R P N P P lis L
. 'b-.o(t.)+ i l'b-+1.0(t<) 4 i 5t °b<+140(t4)+ i l'b-+2.0(t-)
hi;3 hi;2 hi,l v hi+1;1 AR hi+1;2 hi+1;1 B hi+2;1 e
=d; ;3
GGy Gty 0=
h1—1;3 hl—l 2
hioyy hioyy
Soalgz;. ! 2
Y hisgs hisg,

Verification in the equidistant case where t;= j, h; ,=k:

1 1 .
a; 3= 3576 that's what we've been waiting for!

N |
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Fourth coefficient:

ai,1;4:bi;3(ti):
0+
ti+4_ti ti_ti+1 ti_ti+1 t‘+3_t‘ t‘+4_t‘ t _t+2 t‘+4_t

: : *b, 140(’7‘ +— -+b, 2-0(t' +— “|=—="b; 240( = -*b, 340(t‘
hivis hiiis M 1) Moy 1) oo Hgr 1) hs 0 1)
=0

So a; ;.,= Othat's what we expected

A more imDOITant CheCk iS:ai’1;1+ai’1;2+ai’1;3+ai’1;4: 1
If this were not the case, a translation of the control points would not result in a translation of the
curve. It would therefore depend on the choice of origin.

Useful rule for simplifications:
hi+k;1+h _ti+k+l_ti+k+ti+k_t‘ =h

i+m;k-m ™ i+m i+m;k+1-m2
_ hi;l hi;l hi—2;2 hi;l hi;2 hi—l;l hi—l;l hi—l;l
a,,.+a .. +a. ., ,+a ,. .= . + . + . + . +0
i,1;1 i,2;1 i,3;1 i,4;1 h h h h h h h h
i-2;3 NMi—1;2 Ni—p;3 Mi—q;0 Nj—q;3 Nioq;p Ni—q;3 Nioq;n
hi;1°hi;1'hi—1;3+hi—2;2°hi;1°hi—1;3+hi;2'hi—1;1'hi—2;3+hi—1;1'hi—1;1'hi—2;3

hi—2;3'hi—1;2'hi—1;3

It's magic ! That works !

Let's find the coefficients of the first column.d; 4.,57; 3.150; 5.150; 1.4

These are the coefficients of the polynomial of b;_;. ,|t], written as a polynomial in (t - t,.)S.

Let's remember that :

t—t. [t—t. [t—t. t..,—t t..—t |[t—t. t...—t
b-3(t]= I. I. J.b_o‘t)_,.L.bﬂ_o(t) I L B J+1,b.+140(t]+ j+3 'b.+2.0(t]
s hj;3 hj;2 hj;l o hj+1;1 I hj+1;2 hj+1;1 J’ hj+2;1 e
t—t [t=t,, [t—t.,, ot t,—t [t—t.,, ta—t
n ’J; . ; j+1, ; j+ 'bj+1;0‘t)+ j+ ’bj+2;0‘t) + ;l+ . ; j+ ’bj+2;0‘t)+ ;l+ 'bj+3;0(t)
j+1;3 j+1;2 j+1;1 j+2;51 j+2;2 j+2;1 j+3;51

and ‘
Si‘t):bi—3;3'tJ' Ui+ bi—2;3(t) : Ui+bi—1;3(tj' Ui+1+bi;3(t]' Uiy

So
a; 4.11s the factor

3
1 ofb,-,3;3(

4ot
a, 3.4is the factor [t - t.)2ofbi_3;31t
£t t
{5 t

a; , 4is the factor

1

- 10fbi—3;3(
OOfbi_g;g‘

)
J
|
t—t, )

a; 1 .41s the factor
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t—t t—t. t—t. t. . —t \ t.—t t—t. t.—t
b<_343(tJ: i-3, i-3 1_3'b<_3.0‘tJ+L'b-_240'tJ + 1 . i-2 b‘_2<0( ]+ i
o hi—3;3 hi—3;2 hi—3;1 o hi—2;1 o hi—2;2 hi—2;1 e hi—l;l
t,,—t [t—t_, [t—t_, t,—t t,,—t [t—t_, t,,—t
+ ) ) 'b'—2<0‘tJ+l—'b'—1‘o‘t) +— ’ : b'—1‘0‘t)+ : b*o(t)
hi—2;3 hi—2;2 hi—2;1 e hi—l;l o hi—1;2 hi—l;l Y hi;l ;
telt,ti), sob,[t|=lonlyifj=i.
This simplifies:
t...—t t..—t t...—t
b,-,3;3(t)—0+ i+1 . 0+ i+1 . 0+ i+1
hi—2;3 hi—1;2 hi;l
t—t,; t—t. t—t
bi_343‘tJ:_ i+1 i+1 | i+1
' hi—2;3 hi—1;2 hi;l
b (t)_— (t _ti)+ti “lin (t_ti oty . (t_ti)+ti_ti+1
—aalt)=
1 hi—2;3 hi—1;2 hi;l
b (t)_ (t_ti)_hi;l.(t_ti)_hi;l.(t_ti)_hi;l
i-3;310)—
1 hi—2;3 hi—1;2 hi;l
3
b t] ((t_ti)_hl,l)
aalt]=
1 hi_y.s hi—1;2'hz 1
bi—B;S(tJ
2 3
1 (t_t)3+ 3hi;1 .( —t)2 3h1‘;1 (t—t)+ hi;l
- ; - .
hi—2;3'hi—1;2'h1;1 hi—a hicyn hiy 1 hi—2;3.hi—1;2.h11 1 hi—z;a'hi—l;z'hi;
1 3 3 2 3h;, hi .,
b, ;. (th- ’(t_t- + '(t—t.)_+-(t—t‘+%
7 hi—2;3'hi—1;2'h'; 1) hi—2;3'hi—1;2 1 hi s hisin 1) hi_y.57hi

The 4 factors give the 4 coefficients: 4, 4.1; ; 3.1; 4; .;andd; ; 4

We find the value ofq; ; ,
So we have :

2
a _ hi;l
i1 B
hi—2;3 hi—1;2
0 = E’)hi;1
b2t hi_yz3 hi_i,
a. = 3
3,1 .
hi—2;3 hi—1;2
a = 1
41— } ;
hi—2;3 hi—1;2 hi;l

in the equidistant case where t;=j,h; =k

D=

= -3 in the equidistant case

3. . 1
gin the equidistant case

1. .
="gin the equidistant case
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Let's find the coefficients of the second column,d; 4.554; 3.25; 2.05 ;1.2

These are the coefficients of the polynomial of b;_, ,[t), written as a polynomial in (t - ti)S.

Let's remember that :

t—t. |[t—t, |[t—t. t.,.,—t t..—t [t—t. t..,—t
b'<3‘t): L L J'b'Ao‘t)"' ~ 'b'+1-0(t) 25— J+1'b'+1<0‘t)+ - 'b'+2‘0(t)
a hj;S hj;2 hj;l a hj+1;1 I hj+1;2 hj+1;1 e hj+2;1 e
t..,—t |[t—t. t—t. t...—t t..,—t |[t—t. t..,—t
+ ;;4 ) h J+1.( h ]+1.bj+1;0‘t)+ }Jl+3 .bj+2;0‘t) + ;;4 ( h J+2.bj+2;0‘t)+ ;;4 .bj+3;0(tJ)
j+1;3 j+1;2 j+1;1 j+2;51 j+2;2 j+2;51 j+3;1
and

5"t):bi—3;3't)' U+ bi—2;3(t) ’ Ui+bi—1;3‘t‘]. Ui+1+bi;3(tJ° Uiy

1

So
a; 4.,is the factor(t—tl) ofb,_, ,lt]
a; 5.,is the factor(t—t,)zofbl 2 Slt]
a; ,.,is the factor [t —t,|'ofb, , 5|t
a, , is the factor(t—t,) ofb,_,. Slt]
t—t. t—t. t—t. . t—t t..—t |[t—t. t...—t
bi_,slt|= = =2 1_2'b'—2<o(tj+l—°b‘—1<o(t) + 1_1'b'—1-0(t)+ ae 'b'-o't)
1 ' hi—2;3 hi—2;2 hi—2;1 1 ' hi—l;l 1 ' hi—1;2 hi—l;l 1 ' hi;l ;
t..,—t [t—t _ t—t._ t...—t t..,—t [t—t t..,—t
+ i+2 . i-1, i 1°bi—1;0‘ )+ i+1 . io't) + i+2 . 1°bi;0'tJ+ i+2 'bi+1;0‘tJ
hi—1;3 hi—1;2 hi—l;l hi;l hi;2 hi;l hi+1;1

te {tl’tHl SO bj;o(tJ:IOHIy lf]: .

This simplifies:

bi_2;3(t): th_ ti—z . t;l+1 t t,-;ll t+t;l+2_t .(th_ ti—l . ti;:ll_t+ti;:12_ t ) th— ti)
i-2;3 i-1;2 i;1 i-1;3 i-1;2 i1 i i1

b 't)_t_ti—Z.t_ti+1.t_ti+1+t_ti+2. t_ti—l.t_ti+1+t_ti+2.t_ti
—aualt]=
1 hi—2;3 hi—1;2 hi;l hi—l;S hl—l 2 hi;l hl 2 hi;l
_(t—ti)+ti—ti_2 (=t ]+ -t [t-t]+ -t
bi—2;3(tJ_ :

hi—2‘3 hi—1;2 h"l

I
ottt [ttty [ttt (ot [+t
h h h

i-1;3 hi—1;2 i;1 i;2 i;1
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(t_ti)+hi—2'2 (t_ti) _h‘-1 (t_ti) _hi;1+

bi— ) ‘tJ: 22 L,
2 hi—2;3 hi—1;2 hi;l
(t—t,-)—hw. (t—ti)+hi_1;1.(t _ti)_hi;1+(t_ti)_hi;2,(t_ti)
hi—1;3 hl—l 2 hi;l hi;2 hi;l
1 1 1
b,_,4lt)=[t —t,] ( + + )
2 ( ) hi—2;3°hi—1 2°hi;1 hi—1;3°hi—1;2°hi;1 h;_, 3°hi;2 h;

2 2
+(t— ) hi—2h h_,, h,h,—h, h1—1;1_hi—1;1'hi;1+ h,
1
\ hi—2;3'hi—1;2'hi;1 h,_, 3'hi—1;2°hi;1 hi—1;3'hi;2°hi;1

52, + . >
hi—2;3 hi—1;2 hi—1;3 hi—1;2

The 4 factors give the 4 coefficients: a; 4.5; 4; 3.5; 4; 5.,andq,; ; .,
We find the value ofq; ; .,
So we have :
hi—2;2 hi;l hi,‘2 hi—l,‘l
R T
i-2;3 i-1;2 i-1;3 i-1;2

hi;l_ 2hi—2;2+ hi;2 .hi;l_ hi;z' hi—l;l_ hi—l;l 'hi;1+ hi;2

[©2RIFN

in the equidistant case where t;=j,h; =k

a,,.,= = 0 if equidistant
252 hi_y.3 hioy hioi3thioypthiy hi—i.3hiy
h pp—hyi—hyy hi —h,—hy 2 6
a4, = = ——in the equidistant case
352 hiya hioyohiy hiys by hiy hioys-hiy 6
1 1 1
a; 4= + + = >

—1in the equidistant case
hi—2;3°hi—1;2°h‘ 1 hi—1;3°hi—1;2°h1‘;1 hi—1;3°hi;2°hi;1 6 q

Ly
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Let's find the coefficients of the third column,d; 4.359; 3.354; 5,354, 1.3

These are the coefficients of the polynomial of b,_, ,[t), written as a polynomial in (t - ti)S.

Let's remember that :

t—t. |[t—t, |[t—t. t.,.,—t t..—t [t—t. t..,—t
b'<3‘t): L L J'b'Ao‘t)"' ~ 'b'+1-0(t) 25— J+1'b'+1<0‘t)+ - 'b'+2‘0(t)
a hj;S hj;2 hj;l a hj+1;1 I hj+1;2 hj+1;1 e hj+2;1 e
t..,—t |[t—t. t—t. t...—t t..,—t |[t—t. t..,—t
+ ;;4 ) h J+1.( h ]+1.bj+1;0‘t)+ }Jl+3 .bj+2;0‘t) + ;;4 ( h J+2.bj+2;0‘t)+ ;;4 .bj+3;0(tJ)
j+1;3 j+1;2 j+1;1 j+2;51 j+2;2 j+2;51 j+3;1
and

5"t):bi—3;3't)' U+ bi—2;3(t) ’ Ui+bi—1;3‘t‘]. Ui+1+bi;3(tJ° Uiy

1

So

a, 4,5is the factor [t = ¢;]°ofb, 5t
a, 5 5is the factor (t —t,°ofb,_, ,[t]
a, , is the factor [t - tl) ofb,_, ,t]
a, , 5is the factor [t —t,"ofb,_, ,[t]

t—t

bi—l;S(tJ: h

i-1;3 hi—1;2 h

i-1;1 i;1

. t—t._ t—t._ ot —t t. . —t |[t—t. ot —t .
L 1 1'( 1 1'bi—1;o(tj+ a8 'bi;o(t))"' o2 ( l°bi;o(tJ+ 2 'bi+1;o(tJ)

t..—t t..—t [t—t o
+L'bi+1;0‘t))+ i+3 ( 1+1’bi+1;0‘tJ+—

hi+1;2

hi . bi;o't) Mt

L

t,—t [t—t, (t—t.

i2 i+l

telt,t,

sob.olt|=lonlyifj=i.
This simplifies:

(4o [Ty G ot L7t 074G L=t (- 1
bi—l;B't): ) ’ + : I . .
hi—l;S hi—1;2 hi;l hi;2 hi;l hi;3 hi;2 hi;l
t—t._ t—t._, t—t t—t. t—t.| t—t. t—t t—t
bi_1;3‘tJ:_h i 1.(h 11. h1+1+ h1+2.h 1_ h1+3.h 1.h i
i-1;3 i-1;2 i;1 i;2 i;1 i;3 i;2 i;1
) m__(t—ti)+ti—ti_1.((t—ti)+ti—t,~_1.(t—ti)+t,~—ti+1+(t—ti)+ti—ti+z_(t—ti)
e hi—1;3 hi—1;2 hi;l hi;2 hi;l
_(t—ti)+ti—ti+3.(t—ti).(t—ti)
hi;S hi;2 hi;l
b ‘t)__(t_ti)"-hi—l;l. (t_ti)'l-hi—l;l.(t_ti)_hi;l_l_(t_ti)_hi;Z.(t_ti)
13l t)=
1 hi—1;3 hi—1;2 hi;l hi;2 hi;l

[t=t,)=h; . t—t,] .(t—ti)
hi 5 hi. hi

L
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bi_143(t):(t—ti)3-( —1 + —1 1 )
’ \ hi—1;3°hi—1;2°hi;1 hi—1;3°hi;2°hi;1 hi;3°hi;2°hz1
h..—2h._,. h..—h .. h.
+(t_ti)2'( i;1 i-1;1 + i;2 i-1;1 + i;3 )
\ hi—1;3'hi—1;2'h1;1 hi—1;3'hi;2'hi;1 hi;3'hi;2'hi;1
2
+(t—ti)' 2hi—1;1'h1;1_hi—1;1+ hioyihi,
\ hi—1;3°hi—1;2°h1;1 hi—1;3°hi;2°hi;1
n hz'2—1;1'hi;1
hi—1;3°hi—1;2°h1‘;1

The 4 factors give the 4 coefficients: a; 4.3; 4; 3.3; d; , 3andd; ; 3
We find the value ofa; ; 3
So we have :

h. .. 1, L .
a 1‘B:A = —in the equidistant case where ;= j,h; , =k
" histhiog 6
2h'—1-1'h'-1_h‘2—1-1 i1 3
a. ., =——-— b oy 1T = —ifequidistant
12 hiyahioyothiy hioyathy 6 1
hi —2h_, hi,—hiyy 1 3
., ,=— = —=—+ = —in the equidistant case
1333 hi—1;3'hi—1;2'hi;1 hi—1;3'hi;2'hi;1 hi;z'hi;1 6 a
a _ -1 + -1 + -1 3. th < distant
43— - - — — = ——in the equidistant case
hi—1;3 hi—1;2 hi;l hi—l;S hi;2 hi;l hi;3 hi;2 hi;l 6
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Let's find the coefficients of the fourth column.a; 4.45G; 3.45 ;i 5.450; 1.4

These are the coefficients of the polynomial of b,.;[t], written as a polynomial in (t - ti)S.

Let's remember that :

t—t |t—t |[t—t. t..,—t t...—t [t—t t...—t
b4‘t): i, i, l°b-40‘t)+ i+2 'b- 140“,) + i+3 . 1+1°b-+140‘t)+ i+3 'b-+240‘t)
v hi;3 hi;2 hi;l ; hi+1;1 T hi+1;2 hi+1;1 o hi+2;1 e
ti+4_t t_ti+1 t_ti+1 t‘+3_t t‘+4_t t_t‘+2 t‘+4_t
+ ’ ) “biyg;olt]+ “biaolt] [+ ) 22 by ol )+ *biusolt]
hi+1;3 hi+1;2 hi+1;1 H—’ hi+2;1 e hi+2;2 hi+2;1 e hi+3;1 e

and .
Si‘t):bi—B;B't). Uit bi—2;3(t) ) Ui+bi—1;3(t]' Ui+1+bi;3(tJ° Ui

telt,t,

i2%i+1

,sob.olt|=lonlyifj=i.
This simplifies:
-ttt tt

. 1
t)= Loplt=(t-tf [ ———
b1;4't) hi;s  hi,  hiy i ) ( 1) (hi;3°h1‘;2°hi:1)

a; 4.4is the factor of (t = ¢;|°of b, 5(t), s0
1 1. e .
01,4;4:—h hh = —in the equidistant case where t;= j,h; , =k
i;3 i;2 i;1 6
a,3.4=0;a,,,=0a,,,=0
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Summary - result - conclusion of previous calculations.

Uiy Ai1;1 Qi1 Gigz Aigca
5 U. Aoy Aoy Ao Ay
)oAio U i WlthA1: i,2;1 i,2;2 i,2;3 i,2;4

sitt):(l t-t, [e—t) [t-¢
i3;1 iz Gizz U3y

1

Ui+2 ai,4,‘1 ai,4;2 ai,4;3 ai,4;4

The curve (B-spline) defined by s(t|=s,(t|for t € [t,- wtitl,
RSt ty, soh=h =t

h"l h"l hi—2'2 hi'l hi'2 hi—l'l hi—l'l h

i; . i; ;2. ; + ; . ; ;1 ., 7i-1;1 0
hi—2;3 hi—1;2 hi—2;3 hi—1;2 hi—1;3 hi—1;2 hi—1;3 hi—1;2
_3hi;1
a; 5., a;,.s 0
h ‘h
A .= i-2;3 Mi-1;2
1
3 0
h h d;3;2 d;, 3;3
i-2;3 i-1;2
-1 a a 1
. . 1,42 i,4;3 ) :
hi—2;3 hi—1;2 hi;l hi;3 hi;2 hi;l

hi;l_ 2hi—2;2+ h;., .hi;l_ hi;2° hi—l;l_ hi—l;l 'hi;1 hi;2

L

Q22T h ho s hi,h T hoah
i-2;3" Mj-1;2 i-1;3 " Mij-1;2" N i-1;3 " MNi;1
a. = hi oy, =2h, +hi—1;1_hi;2_hi;1_ 2
i,3;27 . . . . .
hiya hisyohiy hiys b hiy hioys-hiy
a _ 1 + 1 + 1
i,4;27 . . . . . .
hl 2;3 hl 1;2 hi;l hi—l;S hi—1;2 hi;l hi—l;S hi;2 hi;l
2h1 1;1 hl 1 hl 1;1 hi—l;l
G T Th h. h_ .h
i-1;3 i-1;2 i;1 i-1;3 i;1
_ h —2h,_ 1;1 hi;Z_hi—l;l 1
a;3.3= + +
hi—1;3'hi—1;2'hi;1 hi—1;3'hi;2'hi;1 hi;z'hi;1
a _ -1 + -1 + -1
i,4;37 . . . . . .
hi—1;3 hi—1;2 hi;l hi—l;S hi;2 hi;l hi;3 hi;2 hi;l
Ui1.1 Qi1 Ajq.3 Uiy Ui,
LR = 2 3 (i1 Kion Qinz Aoy U,
If we want to havesS; [6;+T hi)_(l T T Tl b b b b Ul
Aiz Hizn i3z i3y i+1
®Qiaq Qg Qias Xaal (Ui,
. [j-1] _t_ti . .
We have the relation:a; ;. =h/ " a; ;. T—h— i=ln;j=1.4k=1.4
i

Fori=1. n we have:
‘_S(t ) i) a7 Ui 40,57 Uita, 50Uy
'( ) (tz‘):ai,2;1°Ui—1+az‘,2;2'Ui+ai,2;3'Ui+1
M‘_S ' '(t ):S ' 'i(ti):ai,3;1' Ui1t@ 5, Uita; 55Uy
The relation between the V';and the U ;can be written as a matrix, which makes it possible to pass
control points from the B-spline to the Math-spline and vice versa.
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How to determine the two control points V' oand V .1 of the Math-spline to make the two curves
coincide?
Slope at start = p;=$ '(t1):S '1(t1):a1,2;1° Upta, ,,,°U +a, , 5 U,.
t,)=s 'n(’t =a,,, U, 1+a,,,"U,+a,,,U,,.
t

Slope on arrival = p,=s'(t,

n

s'.|tlis only defined at 7 = ¢ ,and S 'n(tn)is easier to compute than S',_,(t,|.
For the Math-spline, these two slopes are free to choose.

It remains to define a link between these two slopes and the two values V oand V ;.

We want the following conditions to be fulfilled:

Dp1=a,,,, Uyta, ,,- U +a, ,5 U,

2)Vi=a-Uy+B-U+y-U,, witha; B ;yfree

3WVi=a,,,Uyta,,, U +a, 5 U,

4) py=A-V,—pu-V, with A; pfree

We therefore want to express V (as a function of U, U ;and U ,, which makes it possible to
determine p ; which satisfies condition 1), which describes the derivative at the start of the curve.

From these 4 equalities, let p 1, V oand V1 gisappear -
1) =4) and substitute 2) and 3), to obtain:

a,,.,°Ug+a, ,,U+a,, - Uy=A"q,, ;" UgtA-a, ., U+r-a,  ;Uy~pa-Uy—pp-U-pyU,

By rearranging the terms and highlighting the U ;:
U, '(‘11,2;1_ Aa;,,+p '0()+U1'(a1,2;2 —Ara, ,tpe B)+U2'(a1,2;3 —Ara,, atpe Y):O

We want the equality to be true regardless of the values of U ;, so we must:

A 1
a,,,~Aa,,,+p-a=0 and A=—"0y 1,1~ 7 o
H H
2- A= _A, _1,
a,,,~Aa,,,+p" B=0 and B==-a,,,~—"a,,,
H H
2- Cy— _A. _ 1,
Ay 3= A a5+ y=0 Y—E a3 ; a 5.3

A natural choice is: A=p=1. With this choice, we get: p,=V, —Vand
A=, 1,70y 5.4, B=0 1,701 5.0, V=0, 1370 5.3

So ivoz(’a1,1;1 _a1,2;1)° UO+(al,1;2 - a1,2;2) ’ U1+(a1,1;3 - a1,2;3) U,
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Let's do similar calculations to determine V ;.

We want the following conditions to be fulfilled:

p,=s '(tn):S ’n—l(tn):S 'n(tn):an,2;1' U,1ta, 5, Upta, 55U,y

2)Vyu=a-U, +B-U,+y U, witha;;yfree

3WV,=a,,.,°U,_+a,,, U +a, ;U ,

4) py=H" Vo~ AV, with A; pfree

We therefore want to express V' ,+ as a function of U ,..;, U nand U .+, which makes it possible to
determine p , which satisfies condition 1), which describes the derivative at the end of the curve.

From these 4 equalities, let p ,, V nand V 1 gisappear -
1) =4) and substitute 2) and 3), to obtain:

a,-.4° Un—1+an,2;2' Un+an,2;3 Up=pa-U, +p-B-U+p-y-U,,, A a, ;1" U,,—A a, " U,—A A, ;30 {

By rearranging the terms and highlighting the U ;:

1 1 4 1 1
. __)\._ . . . _)\._ . . _)\. _ =0
U, (2 6+y or)+Un (y B 5 +U,,, (y Y 5 )_

Un—l'(an,2;1+)\.an,1;1_l’l : C()+Un.(an,2;2+)\.an,1;2_ I’l .B)+Un+1 .(an,2;3+)\.an,1;3_l“l : Y)ZO

We want the equality to be true regardless of the values of U ;, so we must:

A 1

ApoqtAta, —pra=0 and a:ﬁ'an,l;1+ﬁ'an,2;1
+)\. — g —0 —A. +—

a,,.» a,,, H# B=0 and B_IJ a, i i a, o
A 1

an,2;3+)\.an,1;3_l“l.y_0 y:E.an,l 3+;.an,2 3

A natural choice is: A=p=1. With this choice, we get: p,=V .., V,and
a:an,1;1+an,2;1; B:an,1;2+an,2;2; y: an,1;3+an,2;3'

So ZVn+1:(an,1;1+an,2;1) ) Un—1+(an,1;2+an,2;2) ’ Un+(an,1;3+an,2;3)' U,
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Writing in matrix form of the transition from U ;to V ;.

Vo o1 Ao doi;s 0 0 0 0 Uy
Vi i1 Qi 933 0 0 0 0 U,
V, 0 ay1;1 Oy dya;s 0 0 0 U,
Vo H O 0 31,1 A3 ds ;3 0 0 |°| U;
Vi 0 0 0 Ap-1,1,1 Do-1,1;2 Ap-1,153 0 U,
V., 0 0 0 0 a, 11 a,.1;2 ap,1;3 U,
o 0 0 0 0 i1 Guainn Apeias (U

Here, n = 5. There are 5 waypoints and 7 checkpoints.
Ao 1.10=Ay 1,07 Ay o15 o 10—y 1,07 Ay 02300 137y 1,37 Ay o3
a =a,,,*a,,,;a =q,,.,%0, 5,0, 1:3=4, ;370,55

n+1,1;1 n+1,1;2

So the transition from the B-spline control points to the Math-spline control points is:
Vo= (01,1;1 _01,2;1) ) U0+(a1, 127 a1,2;2) ’ U1+(a1,1;3 - a1,2;3) U,
Vn+1:(an,1;1+an,2;1) : Un—1+(an,1;2+an,2;2) U+ an,1;3+an,2;3)° U
Vi=a,,,,"Ui+a; 1, Ui+a, 57Uy, fori=1..n

n+1

Passing from Math-spline control points to B-spline control points.

Going from Math-spline control points to B-spline control points requires solving the system of
equations. Since the matrix is tri-diagonal with dominant diagonal, the calculation is quite fast. The V',
are given, we seek the U ;.

To get a tri-diagonal matrix, let's combine the first two rows and the last two.

Substitutions:
a a
0,1;3 o153, _ 13
o110~ diin” 5 Ao1;0= o107 Ay 1 ” 500,13=0;V =V, -V,
01,1;3 01)1;3 al,1;3
o151 Qne11:1 ni1,151
Aoi11;1= 050,00 1070y 107 Gy 300 1370y 13" Gppis” Vo=V "V, ———
an,l;l an’151 an,l;l
Resolution :

Ift,=0; diag,=aq, , .1; rigty=a, ;.,; 4,=V,
Ift 01 =041 105 dI0G 0 =0y 5 TIGE, =05 q,0, =V o, (substituted values)
lﬂi:ai,1;1; diagi:ai,l;Z; rigt,,,=0; q,=V, fori=1..n

Ift; Ift;
i= + diag.=diag. — ———  rigt. =q.———"—"q.
forl 1 ton 1 dO lagl lagl diagi_l rlg 1—1andql ql diagl‘_l ql—l
— qn+1
n+1 diagn+1
q;,—rigt;"U,,, . .
for i = n downto 0 do U;=——————There are n + 2 points; n =nb_points - 2.

diag;
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Verifications!

It is unlikely to do all the calculations on the previous pages without making mistakes. It is therefore
important to make several checks, which will allow errors to be detected.

Similarly, during the computer implementation, the following checks will make it possible to detect
coding errors.

We want a translation of the control points to give the same translated curve.
Otherwise, the curve would be dependent on the choice of origin.
This implies the following 4 equalities:

1)a; . +a;,,+a,,;+a;,.,=1 verification that has already been done.
2)0; 5,17 0; 5,40, 5,3%0; 5, =0
3)a; 5,1+ 05,0+ 0 5.3+0;5,,=0
4)a; 41%0; 4.2+, 4.3+ 4, =0

Useful rule for simplifications:
hi+k;l+hi+m;kfm :ti+k+l - ti+k+t‘+k - ti+m:h

1

hi;2 :hi+1+hi;h1‘;3 =h;,,+h,,,+h,

i+m;k+l-m2

2) gives
_3h1;1 +hi;1_Zhi—z;z+hi;2°hi;1_hi;2°hi—1;1_hi—1;1 hi;1+ h1;2
hi—z;a'hi—1;2 hi—2;3'hi—1;2 hi—1;3'hi—1;2'hi;1 hi—1;3'hi;1

2
+2hi—1;1'hi;1_hi—1;1+ hi—l;l
hi—1;3'hi—1;2'hi;1 hi—1;3'hi;1

. hithi s, +hi;2'hi;1_hi;2°hi—1;1_hi—1;1°hi;1+ hio hioi,
hi—2;3'hi—1;2 hi—1;3'hi—1;2'hi;1 hi—1;3'hi;1'hi—1;2
2
+2hi—1;1'h1‘;1_hi—1;1+ hi—1;1'hi—1;2

hi—1;3'hi—1;2'hi;1 hi—1;3'hi;1'hi—1;2

2. hi;1+hi—2;2

hi a3 hiy;
+hi;2' hi;1_hi;2'hi—1;1_hi—1;1' hi;1+ hi;z'hi—1;2 +2hi—1;1' hi;l_h1‘2—1;1+ hi—1;1'hi—1;2
hi—1;3°hi—1;2'hi;1 hi—1;3'h‘-1'hi—1;2 hi—1;3'hi—1;2'h1;1 hi—1;3'hi;1'hi—1;2

L;

hi;1+hi—2;2
hi—y;37hi1;
“h,~h,_, h_,~h

;2 i-1

h.

i;2

h.+h +2h-h._,—h._,-h

i-1° 1 i;z'hi—1;2 i-1 -

hi—1;3' hi'hi—1;2

i
|
T

_ hi;1+hi—2;2
hi—2 hi—1;2
-h

;37
_hi;z'hi—1+hi;2'h +h;h;_,—h

i-1;2 i i

hi—1;3'hi'hi—1;2

. hi;2 i i-1"hi_ +h,
T
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h. . +h

:_2_ i;1 i-2;2
hi—2;3'hi—1;2
(hi+1+h1)°h1_ hi+1+hi)°hi—1+ hi+1+hi)°(hi+hi—1)+hi'hi—1_hi—1°hi—1+hi—1°(hi+hi—1)
+
hi—1;3°hi°hi—1;2
=D. hi;1+hi—2;2
hi—2;3'hi—1;2
+ /
iy hi+h;-h; - i+1.hi—1_hi%1+hi+1.hi+ i+1.hi—1+hi.hi+hi.%1+hi. i—l_hi—l.hi—1+h%1+hi—1.hi—1

hi—1;3 'hi' hi—1;2

hi+h_,+h_, 2h,-h+2h;-h+2hh;_,

hi—2;3'hi—1;2 hi—1;3'hi°hi—1;2

=2+(h+h,_+h_,|'h

i3 2k, h+ 2R h1.+2h1.~h1._1)~h1._2;3
hi—2;3°hi—1;3°hi 'hi—1;2

i+1

\h;+h,_+h,_,)

h;,,+h+ hi—l) 'hi+(hi+1°hi+hi°hi"'hi'hi—1)°(hi+hi—1+hi—2

=20 _
hi—2;3 'hi—1;3 “h; 'hi—1;2

= 0. It's long, but it's magic.
There is little chance of having this result with an error in the coefficients of the matrix!

3)a; 3,1+ 0 5,,%0; 5,50, 5, =0
“This verification is left as an exercise. We say that when we don't want to do it ourselves.

4)a,,.,+a;,,+a; ,.;+a; ,.,=0, this verification is easy.
- 1 1 1
+ L/ + / + / +
h;_ o2 i i My hi—l;%l;Z.hi;l hioy 0 hiy hi;3'wz';1
-1 / + -1 /+

-1
+hi—1;3%.hi;1 hi—1;3'wz‘;1 hi;3.hi;2%i;1_0

Another approach is attempted in the following pages. It does not lead to a final result, but gives
several possible verifications.
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Let us look for a matrix 4 making the spline curve twice continuously differentiable, to find the matrix
linked to a B-spline.

a1 Gy Ay Ayg| (Ui
@Oy Gy Gy Gyyl,| U,
A, O3y Gy3 Ay |U
A,y g Gy Ayyf Uiy

3
[

si(tJZ(l t-t, (e-t) [t—¢

1

Si(ti+1):(1 h; hi2 h?°

Si+1(ti+1 =1 0 0 0)0 2251 ZZ;Z 22;3 22;4 ° gl’fl
3;1 Y32 Y3z Usis i+2
b4;1 b4;2 b4;3 b4;4 Uis

The a ;,«will depend on the / ;.
The bj .« must depend on the 4 ;in the same way as the a ;, with the value of i shifted by +1.

For any U ;, the conditions to be met are:

S; ti+1):si+1(ti+1
Si(ti+1 :Si+1(ti+1
Si”(ti+1 :Si+1”(ti+1
Si ti+1):Si+1(ti+1)

The equality must be true all U ;, it imposes conditions, which breaks down into 5 equations:
a1;1+hi'az;1+hi2'as;1+h?' a,,=0

a1;2+hi'a2;2+h12' 03;2+h?' ay=b ;4

ays+h;- ay s+ hi - a3;3+h? "04,;3=b

Ay qth;-ay 0+ h; - 03;4+h? "A4;4=b; 3

0=b, .,, so also : a,.,=0which has been seen previously.

The first condition is easily verified:

h..-h. -3h.. _
i;1 i;1 +h1~° i;1 +h1-2° 3 +h?' 1
hi—2;3'hi—1;2 hi—2;3'hi—1;2 hi—2;3'hi—1;2 hi—z;a'hi—1;2'h1;1
h -3h; 3h —h
= + + + 0

hi—2;3'hi—1;2 hi—2;3'hi—1;2 hi—2;3'hi—1;2 hi—2;3'hi—1;2

The other conditions are more complicated to verify.
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8"i[tian

—_— T
=S i+1(ti+1

The equality must be true all U ;, it imposes conditions, which breaks down into 5 equations:

a,,+2h;-a,.,+3h;-a, ,=0

5,420 a5, 43R, - a, ,=b,,

Ay3+2h;* a3 3+3 ] a,,5=b, ,

A5,4+2h;" a3,4+3 0] "ay 4 =D,

0=b,.,, so also : a,.,=0Owhich has been seen previously.

The first condition is easily verified:
-3h.. _
—1’1+2hi.;+3h?. 1
hi—2;3'hi—1;2 hi—2;3'hi—1;2 hi—2;3'hi—1;2'hi;1
~3h, 6h, ~3h,

+ + 0
hi—2;3 'hi—1;2 hi—2;3'hi—1;2 hi—2;3 'hi—1;2

The other conditions are more complicated to verify.

— rr
=S i+1(ti+1

s" [t

The equality must be true all U ;, it imposes conditions, which breaks down into 5 equations:

2a;.,+6h;ra,.,=0

2a;,+6h;-a, ,=2b,,

2a;.5+6h;-a, ,=2b,,

2a,.,+6h;-a,,,=2b;;

0=b,.,, so also : a;.,=Owhich has been seen previously.

The first condition is easily verified:

3 -1
2——+6h;-
hi—2;3° i-1;2 hi—2;3°hi—1;2°h1;1
2-3 -6

The other conditions are more complicated to verify.
They can be verified numerically on examples, this can be useful for verifying the program.
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o . Unt2 = U2 U3
Closed B-splines in the case of non-regular times ¢ ;. ® 0 °
In the case of the drawing, n =7 Untl=U Ls 1 3 4
°
The goal is to add a segment s ,, so that the curve is closed. ‘ s o4
To do this, we will add a point U , » and the segment s ,, \
associated with the points U ,.», U ,+1, U ,and U ,;, and ® [/n-2

allow the position of the points U , +1 t be modificd » a0d U ¢ .
We want this segment to end on U ¢, ie C 'and C *at U . U0 =

The conditions of continuity, of continuity of the derivative and of the second derivative are satisfied
between s ,.;and s , if we have as usual:
S,[t,+T]=..

On the other hand, three new conditions must be satisfied to have the continuity of the curve, the
derivative and the second derivative.

It is therefore necessary to satisfy:

Sa(tun)=s1(t1),(ta=1t,1t1).So

Qg1 Un*0yiy 107U ¥0,00 157 U=a, " Ugta, " U +a, ;5 Usand

" y(tan)=s"1(t1).So

Aot o1 Untusg 00" U1 40540 53 Upey=0, 5" Ugta, 55 U +a, 5 57U,

S”n(thrl):S”](tl). So

iz Upta,, 55Uy +a,,, 557U, =0, 5, Ugta, 5.,°U+a, 5.5 U,

n n

In the case where one has chosen: h,,;=h;, with for example h,=h,= distance between U ;and U ,.

We check that they are satisfied if and only if:
U, ,=Uyand U,,,=U, and U,=U,

In conclusion, to close a B-spline, it is necessary to add a virtual point U , .», place it on point U , and
place point U yon U ,and place point U ,,;on U ;.

The closed Math-spline linked to the points V' ¢to V .1 corresponding to the points U ¢to U n:1, will
give the same curve as the closed B-spline described above.
Note that the closed B-spline has one more point than the closed Math-spline!

The modification of the position of the points U ¢and U ,.; will modify the position of the points V', V'
1, Vwand V.., therefore the Math-spline curve. But it will not change the position of other points.

For a closed Math-spline, points ¥ gand V ., are ignored.

These modifications of the points U gand U ,.; make it possible to close the curve while keeping it
smooth, without disturbing the segments s ,t0 s ,, .

If a curve of a Math-spline is closed, then the corresponding B-spline will automatically have
U,,;.=U,and U;=U,. Closing the B-spline will give the same curve as the Math-spline.
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Table of different cases of comparisons of B-splines and Math-splines

Let's compare various situations of links between B-splines and Math-splines

dT=1 dT = distance entre points
B-spline  Ouvert Fermé B-spline  Ouvert Fermé
Math-spline Math-spline
B=>M OK B=M OK B=>M OK B=M OK
Ouvert M=>B OK M=B X Ouvert M=>B OK M=>B X
B=M X B=M OK B=M X B=M OK
Fermé M=>B OK M=>B OK Fermé M=>B OK M=>B OK

"B => M" means: "move a point of the B-spline and update the points of the Math-spline'
"M => B" means: "move a point of the Math-spline and update the points of the B-spline

OK means curves match after point move.
X means that the curves no longer necessarily match after the point move.

Case of open B-spline and closed Math-spline:

it is normal that moving a point of the B-spline does not make it possible to have correspondence of
the curves, because for a closed curve, points of the B- -spline must overlap, which is not imposed
when the B-spline is open.

moving a point of the Math-spline will force the overlapping points of the B-spline to give a curve
superimposed on that of the Math-spline.

Case of closed B-spline and open Math-spline:

[e]

it is normal that moving a point of the Math-spline does not make it possible to have
correspondence of the curves, because for a closed curve, the first and the last point of the Math-
-spline are imposed, which is not the case when the Math-spline is open.

moving a point of the B-spline will force the positioning of the first and last point of the Math
-spline so that it gives a curve superimposed on that of the B-spline.

In fact, it will also force a positioning of the second and penultimate point.

In the case where both are open, there are no opposites which limit the adaptation of one curve to the
other.

In the case where both are closed, both undergo constraints which allow the superposition of one curve
on the other.
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Appendix I, approximation of the second derivative of a function from 3 points.

To calculate a periodic spline curve, we approximated the second derivative at the start and end of the
curve. The following justifies these approximations.

Let fbe a C *™™ " hence twice continuously differentiable on the interval [ £ ,,; ,] _
tm<to<t,given.

With: h,=t, —t,and h,,=t,~ t,,, both positive.

We have :

o =] - eherer, € 3t

Flta|=F (e [t By, | S wherers € gt

Let us show that the following expression is an approximation of the second derivative at ¢ .

fle,| = flto) Flto) =t

h, h, -2={
h,+h,
Zf'(t0)+hp.f”(Tp)_zf'(t0)+hm.f"(’l—m)_(.,
h,+h,
by £l f e -
ho+h, which is a weighted average of the second derivative before ¢ oand after 7.

This fraction is greater than Min(f ' '(Tp);f ' ’(Tm))and

less thanMax(f L) f '(Tm))

Since the second derivative f''[tis continuous, the fraction is therefore equal to
f''T,for one 1o € [1,,5T, .

It is therefore an approximation of the second derivative at 7.
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Annex II.

Checks that the curve obtained by B-spline is twice continuously differentiable.

Let's remember that :

1 4 1 of U4
1 > 31 |-3 0 3 0 U.
t =1 ° of i
L ] I U, [>°
-1 3 -3 1 U..,
(t +T) % {Ui—1+4 UrU,,+

(3U,1+3U,+1
(30, —6U+3 U, [+
T3 '(_ U 1+3U,;-3U;+ Ui+2)

Let's calculate the derivative of s(t).

S%q+ﬂ=éﬂ—3Uhﬁ3UHﬁ
(6U1542U+6UHJ
°+[-3U,_1+9U,- 9U;,,+3U .,

Let's calculate the second derivative of s(t).
s"'[tHT|=U, - 2U +U,,,+
T '(_ U, _+3U,;-3U,,,+U,,

Verification of continuity in ¢ ;.
1[U+4U +U
6

i+1 i+2]

okay

Sz(t 1+1(ti+1

i+1

Verification of the continuity of the derivative in ¢ ;.

é{ 3U+3U,,|=

1+1(ti+1)0kay

S'l(tl+1

Checking the continuity of the second derivative at ¢ ;.

S”z(t1+1) é {U 2U1+1+ U1+2

i1 (tm)okay



